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I. INTRODUCTION 

The aim of this article is to review, from a historical perspective, the very important role played by radiative 
corrections in precision electrowcak physics, in the framework of both the original Fermi Theory of Weak Interactions 
and in the renormalizable Standard Theory of Particle Physics, usually referred to as the Standard Model. Those two 
areas are discussed in Sections HIl and Hill respectively. 

Studies of such corrections are closely connected with important developments in theoretical particle physics, which 
are also reviewed. The role of radiative corrections in the analysis of some important signals of new physics is also 
discussed. 

As shown in the Contents, six Subsections are based on the Fermi Theory of Weak Interactions and twenty one 
Subsections are based on the Standard Theory of Particle Physics. They review important and interesting subjects in 
Electrowcak Physics. On the other hand, in view of the magnitude of the area, encompassing more than fifty years of 
physics, it was found not possible to cover every conceivable subject. Taking this into account, the authors apologize 
beforehand for the omission of important and interesting developments that lie beyond the scope of this article. 



There are a number of excellent reviews of Gauge Theories in general and the Standar d The - 



orv of Particle Phvsics in particular. Among them: Abers and Led 




19731): Aitchison and HevI (Il989): 


Alexander ei aZ. (eds.) (1988): Altarelli. Kleiss. and Verzeenassi feds.) (1989t): Aoki ei aZ.I (1982f): Bailin and Love 


(19931): Bardin. Hollik, and Passarino feds.lj (1995|): iBardin and Passarinoj (|l99g|): 'Bck and SirlinI (Il974 Il982l): 


Bohm. Denner, and Jood (2001.); Cheng and Lil (1984): Donoghue, Golowich. and Holstcin (19921): Einhornfed.) 


(1991 


): Ellis and Peccei /"erfs. j| (Il986l): Faddeev and Slavnovl (Il980l): 


Gunion. Haber. Kane, and Dawson 


(200C 


): Hollik (19931): Jegerlehned (Il99ll 20081): Langacker fed.) 


(1995): Langackeij (l2010l): 


Merritt. Montgomerv. Sirlin. and Swartd (Il995l): iPaschod (|2007^: iPokorski 


( 

); 


1987): Ouigd (Il983l): SirlinI (|l994al 


20001): Sirlin. Marciano. and Chatteriee (Guest Editors)\ (20031): Tavlor (1976 


Weinberg (1974). 



II. RADIATIVE CORRECTIONS IN THE FERMI THEORY OF WEAK INTERACTIONS 

The powerful and highly successful relativistic methods developed by Feynman, Schwinger, Tomonaga, Dyson and 
others to evaluate the radiative corrections in Quantum Electrodynamic s^, were first applied to the Weak Interactions 
in the mid- fifties. In particular. iBehrends. Finkelstein. and SirlinI ( 19561 ) studied the 0{a) electromagnetic corrections 
to muon decay in the framework of the four-fermion Fermi Theory of Weak Interactions. 

We recall that in this theory the interaction Lagrangian density for muon decay is given by 

c = -g,[4rVM][V^-.r,v.J + h.c. , (i) 

where i runs over the scalar {S), vector {V), tensor (T), axial vector {A) and pseudoscalar [P] interactions. Explicitly, 
we have^: 

r^ = i, {vyy^r. {v^r = "-^ = ^{rY -Yr) . {T^r^^rl,. r^^^J,. (2) 

Eq. (ID) is the interaction Lagrangian density in the charge- retention order in which leptons of equal charge are placed 
in the same covariant. £ can be written also in the charge- exchange order 

= ~g^[i},^^^p^][^PerM + h.c. , (3) 

where the gi are related to gi by Fierz transformations (Fierz, 1937). 

While Eq.(IT|) is very convenient for actual calculations in the Fermi theory, Eq.(I3]) conforms more closely with 
current formulations in which fj, decay arises from charged current interactions. 

The 0{a) radiative corrections to muon decay in the Fermi theory arise from the interchange of a virtual photon 
between the fi and the e, the electromagnetic field rcnormalizations of these particles, and the inner brcmsstrahlung 
contributions. 

An important result is that in the charge- retention order of Eq.(IT|), t he 0(a) corrections to muon decay ar e 
ultraviolet (UV) convergent only for the vector and axial vector interactions ( Behrends. Finkelstein. and SirlinI . Il956l) . 



^ See, for example, ISchwinged l|l958l ) , iFevnmanI l|l962l ) , iKinoshital lll990l). ISchwebeJ lll994f). 

^ In this paper we use the notational conventions and 7 matrices of lBiorken and Drell We also use "natural units" ?i = c = 1. In 

Eq.l[lJ it is understood that the contravariant and covariant indices are contracted and summed from to 3 as in [7^][7n], [o"^"] [o"(jiy] , 
etc . . . 
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This can be readily understood by analogy with QED. It is well known that in the scattering of an electron by an 
external potential, the UV divergence of the vertex part cancels against those in the wave function renormalizations 
of the external legs (by the Ward Identity). For the vector coupling in muon decay in the charge retention order, 
we have an analogous situation, except for the fact that the muon and electron have different masses. However, as 
the coefficients of these divergences are independent of the fermion masses, they also cancel in muon decay. The 
corrections involving the axial vector coupling in the charge-retention order can be obtained from those in the vector 
case by means of the formal transformation ipe ^ ip'^, = j5ipe, fne ~> — in the Lagrangian density. Thus, they only 
differ from the vector case by the change me — > —rrie and, consequently, the UV divergences cancel also for the axial 
vector coupling. In contrast, for the S, T, and P interactions of the charge-retention order, the analogy with QED is 
no longer valid and the 0{a) corrections are logarithmically ultraviolet divergent. 



A. Non-Conservation of Parity. The Two-Component Theory of the Neutrino 



In 1956 Lee and Y ang proposed the revolutionary idea that parity is not conserved in the weak interactions 
(|Lee and Yangj . Il956[) and this was soon verified by elegant experiments. In order to accommodate parity non- 
conservation, Eq.([T]) was generalized to 



(4) 



with an analogous modification of Eq. ^ . 

To lowest order, Eq.Q leads to the following expression for the energy-angle distribution of e~{e~^) from the decay 
of a polarized ^~(^"'") at rest: 



dN{x,e) 



(2^)4 
=F cos e 



3{l-x) + 2p 



4 

r 



1 2 
1 1 



3E^x 
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(5) 



where the upper and lower signs refer to and , respectively, 9 is the angle between the e"^ momentum and the 



spin direction of the /x 



E / Eq where E is the energy and Eq = (TO^-|-TOg)/2m^ its maximum value; p is the 



momentum, ~ p/E and P the degree of polarization of /i ^. The parame ter p that describes the energy distribution 
of from unpolarized muons was introduced long ago by iMichell (jl950() and is generally referred to as the Michel 
parameter. The p arameters £ and 6, which are currently employed to describe the effects of parity non-conservation, 
were introduced by Kinoshita and SirlinI (Il957allb[) . Alternative expressions to Eq.Q, us ing different parametrizations, 
were obtained bv lBouchiat and Michell ( 1957 ) and lLarsen. Lubkin. and Tausneil l[l957l ). Since Eq » rUe, the terms 
proportional to in the cofactors of p and S are very small. For the same reason, the term proportional to rj is 
potentially significant only in the very low energy part of the spectrum. For a more detailed discussion of theoretical 
and experimental aspects of muon decay, and the relat ion s between the para r neters A, p, r?, S and the co u plings 
Qi and q ,- see for example^ Kinoshita and SirlinI (|l957ai rb[): iBerman and SirlinI (I1962D : I Sachs and SirlinI (119751 ): Isirlini 
(ll980bD: lmscher and Gerbed (I2OIOD. 

In 1957. iLee and Yand (|1957D . ISalamI (|1957D and iLandaul (I1957D re-introduced the two-component theory of the 
neutrino, an elegant formulation that had been long abandoned because it leads to parity non-conservation! This 
theory can be regarded as a special case of the four-component theory of a masslcss neutrino, subject to the subsidiary 
condition 



(6) 



or 



where 



1 T75 



(7) 

(8) 



^ In several early papers, including lKinoshita and SirlinI l|l957a| [bh and lSachs and SirlinI l|l975l 'l. 75 was defined with a sign opposite to the 
one employed in the present article. 
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arc the left and right ehiral projectors. 

If Eq.Q is satisfied, the massless neutrino has hehcity h = —I and the corresponding antineutrino has h = 1. If 
Eq.jT]) is satisfied, the signs are reversed. From measurements of the polarization and angular distribution of high 
energy positrons in /i"*" decays, it was concluded that z/g and z^^ have opposite helicities. Moreover, the helicity of Ve 
in /3 decay was found to be positive. These observations led to the conclusion that both and i/^ have h = +1, 
correspondingly Ve and have /i = — 1, and therefore Eq.(|6]) holds. 

Comparing Eq. (|6]) with the Lagrangian density in Eq. (|4]) one readily finds 



9 s = 9 s = 9T = 9t = 9P = 9p 
9[ ^ -9^ {^^V.A). 



0, 



(9) 
(10) 



Namely, in the two-component neutrino theory only the vector and axial vector couplings of the charge-retention 
order survi ve, precisely the interactions for which the Oia) radiative corrections had been previously found to be 
convergent ( Behrends. Finkelstein. and Sirlinl . ll956h . 

Comparison of Eqs. (|9|10p with the general expressions relating p, (5, 77 and ^ to the coupling constants, further leads 
to the important conclusions: 



_ 3 

~ 4' 
9v9*A 



\9V? 



^=2 



9A9v 



\9A\ 



\9aV 
-\9v\ 



\9a\^ 



\9v\ 



(11) 
(12) 

(13) 



Thus, in the two-component theory of the neutrino the parameters p and b are sharply predicted, while ^ and r\ 
depend only on gy and gji^. 



B. Radiative Corrections to Muon Decay in the Two-Component Theory of the Neutrino: Cancellation of Mass 
Singularities in Integrated Observables 



In comparing theory with experiment in muon decay, it is important to evaluate the 0{a) corrections since they 
play a very significant role. Including those corrections in the framework of the two-component theory of the neutrino, 
one obt ains the following expression for the energy-angle distributions of e^(e^) in the decay of a polarized fj.^{p^) 
at rest (Kinoshita and Sirli: 



repression i 
ii [19593): 



dN{x,9) = 



^^2i\gy\ +\gM ) 
-f— /(a;)±P^^cos6' 1 - 2x 



3 -2a; 



TOg Q-qme (1 — a;) 



Elx 



Eo 



a 



(14) 



where 



(I - x) 

/(x) = (6 - 4x)i?(a;) + 6(1 - x) ln.T + ^-^-^[(S + 17x - 34x2)(a; + Ina;) - 22x + SAx^] 



g{x) = (2 - ix)R{x) + (2 - 6a;) In a; - 
^2 



3a;' 
1 - a; 



R{x) = 2Li2(x) 2 + u} 

3 



3a;2 
1 - x 

X 



(1 + .T + 34a;2)(w + In a;) + 3 - 7a; - 32x^ + 4(1 - a;)^^^^^^^ — ^ 



- (21na; - l)ln; 



3 lux — 1 I ln(l — a;) , 

x' 



(15) 
, (16) 
(17) 
(18) 



and 



Li2 (x) 



(19) 



6 



is the dilogarithm function^. In Eas. (jl5ll6p . we have neglecte d terms of 0(amp/ E). although ah the contributions 
of 0(a) n ot proportional to cos 6* have been evaluated exactly ( Behrends. Finkelstein. and Sirlinl . Il956l : [Crotchl [19681 : 
The terms ml/EQX and ml/m^EQ in Eq. ([T4)) are very small and frequently omitted in the literature. 
Integrating Ea.(|14p over all values of p and 9, one obtains the expression for the muon lifetime t^, including 0{a) 
corrections 



{\9v? + \9A?)ml 
1927r3 



477- 



2tt 



25 



(20) 



where we have neglected terms of order (me/m^^)^, rj[me/m^j)'^ , and ame/m^. 

The 0{a) radiative corrections have a large effect on the spectrum in /i decay. In fact, they decrease the decay 
probability for large x and increase it for small x. In order to estimate the magnitude of this effect, it has been pointed 
out that if the spectrum in Ea.([T4| is fitted with an effective uncorrected formula of the Michel type (cf. Eg.©) 
over the range 0.3 <, x < 0. 95, the parameter P(.ff obtain ed in this manner is p^s ~ 0.71 rather than the value 3/4 of 
the two-component theory ( Kinoshita and Sirlinl . Il959a^ . Similar observations hold for the parameter S that governs 
the X dependence of the cos 9 part of the decay probability. Since c urrent determinatio ns of p and S agree with the 
predictions of Eq.dlTI) at the 0.035 % and 0.046% levels, respectively (|Baves et a/.l . l201l[ ). it is clear that the radiative 
corrections play a crucial role in verifying the validity of the two-component theory of the neutrino. 

On the other hand, the 0{a) corrections to the muon lifetime given in Eq.((20|) amount to only —4.2 x 10^"^. The 
reason why the corrections to the electron spectrum are quite large while the corrections to Tg are rather small has 
been t raced to the cancellation of "mass singularities" in integrated obscrvablcs, discovered in ( Kinoshita and Sirlinl . 
Il959al ). In the case of muon decay, it implies that the corrections to the lifetime and the integrated asymmetry are 
finite in the mathematical limit rrie — >■ 0. The properties discussed above can be nicely illustrated by considering the 
terms proportional to the large parameter to = ln(m^/me) ~ 5.332 in the corrections to the spectrum (cf. Eas. (jl41 
[151 [TT])). They are proportional to 



-—uidx 
2n 



(6 - 4:X)X^ 



1 



(l-x) 



[5 + 17a; - 343;^] 



(21) 



and contain the electron "mass singularity" since tu diverges in the TOg — > limit. When integrated over the full 
spectrum, i.e. in the range 1 > a; > 0, Eq. (j2ip vanishes, leading to the cancellation mentioned above. Furthermore, 
the expression between curly brackets is negative in the upper part of the spectrum {x > 0.68) and positive for 
a;<^0.68. Using Eq. (|T6| . one readily verifies that the terms proportional to (a/27r)w in the cos 6* term of Eq.(fT4|) also 
cancel when integrated over the full range 1 > a; > 0. The cancellation of mass singularities has been also verified in 
the 0{a) contributions to l/r^ proportional to g^, g^, and gj, in the general Fermi theory, as well as in the corrections 
to the /3-decay lifetime in the framework of the V-A theory fSection III.DI). Furthermore, it has provided one of the 
main motivations for the Kinoshita-Lec-Naucnbcrg (KLN) Theorem (jKinoshital Il962l : iLee and Nauenbergl . Il964l ). 

An observable for which the 0{a) corrections become extremely large is the asymmet ry of low energy (Kinoshit a 
and Sirlin, 1957c). Their effect on the asymmetry parameter ^ is also discussed in ( Kinoshita and Sirlinl . Il959a[) . 
Another important result of the two-component neutrino theory was the prediction of the phot on spectrum and rate 
in radiative muon decay fi^e + iy + D + j before its detection (iKinoshita and Sirlinl . Il959bl ). As an example, for 
photons of energy > 20me, the branching ratio was predicted to be 1.2%. 

As emphasized before, the two-component theory of the neutrino leads to the definite predictions p = 5 = 3/4 (cf. 
Ea. (|lip '). In order to measure with high precision these basic parameters (as well as ^, 77 and A) in the four-component 
neutrino framework of the general Fermi theory (cf. Eq.([5|)), one approach has been to employ the fractional radiative 
corrections of the two-component neutrino theory which, as discussed before, are finite and well defined. Specifically 
(ISherwoodl . [T967h . i;he expression between curly brackets not involving cos 9 in Eq.(l5]), is multiplied by 



1 + [(a/27r)/(a;)]/[3 - 2a: - ml/E^x + 6r]{m,/Eo){l - x)/x] , 

while the expression proportional to cos 9 is multiplied by 

1 + [(a/27r).g(a;)]/[l - 2a; + ml/m^,Eo] . 

Comparison with Ea. (jl4p shows that these factors arc indeed the corresponding fractional corrections in the two- 
component neutrino theory. The justification for this procedure is that, to a high degree of precision, the current 



* See, for example. iLewinI l ll958l ). 
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experimental information is consistent with pure V, A, V' and A' interactions. Possible deviations, which in the 
four-component neutrino framework involve quadratic expressions in g^, g^(i = S, T, P) are expected to be very small 
and can therefore be treated at the tree level. The products of these small deviations with {a/2iT)f{x) and {a/2'K)g{x) 
are of second order in the small quantities and, therefore, are not considered significant. 

At present , very precise measurements of p, (5, ^ and 77 are carried out in the TWIST experiment at TRIUMPH 
(iBaves et all l201lh. and a very accurate determination of has been made by the Mulan collaboration at PSI 



(IWebber et aai201lh . 



C. The V-A Theory 

The discovery of parity non-conservation led to another very important development: by greatly increasing the 
number of observables available for experimenta l and theoretical study, i t opened the way for the determination of 
the ba sic phenomenological interaction. This led ISudarshan and Marshal ( 19571 . [l958[ ) and lFevnman and Gell-MannI 
(I1958D lio propose a universal V-A Fermi Interaction for charged current processes, such as muon decay, /3 decay and 
the semilcptonic decays of hyperons. 

In the case of muon decay, this theory implies the validity of Eqs. (|9ll0p and furthermore states that 

9A = -9v- (22) 

Using the Fierz transformations ( Fier j . Il937t ). Eas. (|9llOI22p lead to the following coupling constants gi, g[ in the 
charge- exchange order: 

9s = 9s = 9T = 9t = 9P = 9'p = 0, (23) 
9v = -9 A = 9v = -9'v = 9a ■ (24) 

Defining = V^gv, Eqs. (|9llOI22l23l24p lead to 

C = -^[^,^^A^(l-^5)^^][^,T,^(l-^,5)V;,J+h.c., (25) 

= -^[v;,7''(l-^5)V-^][^,^^^(l-^5)V;,J+h.c.. (26) 

Thus, the interaction Lagrangian for muon decay in the V-A theory has a very simple and elegant form that in- 
volves a single coupling constant and is preserved in passing from the charge-retention to the charge-exchange order. 
Eas. (|9llOI22[) lead also to the sharp predictions: 

P = (5 = 3/4, (27) 
V = 0, (28) 
^ = 1, (29) 

as can be readily verified by inserting Eg. ip^ into Eqs. (jl2ll3p . 

With the neglect of strong interaction effects, in the original version of the V-A theory other four-fermion interaction 
processes were described by Lagrangian densities of the same form as Eg. ipSj) . For example, for n p -I- + De, the 
basic process for /3 decay, the Lagrangian density was postulated to be of the form. 

Gy - - 
^/3-decay = - [^ApT^ (1 " 75)V'n] [V'e7/i (1 " 75)V'i'e] + h-C , (30) 

where Gy is the vector coupling constant in /3-decay. 



D. Radiative Corrections to Muon Decay in the V-A Theory and the Fermi Constant 

Taking into account Eas. (j22l27l28l29p . we see that in the V-A theory, the energy-angle distributions of e~{e~^) in 
muon decay are simply obtained by setting = gv = Gf^/V^,, 77 = 0, ^ = 1 in the two-component theory expression 
fEq. (fT4| ). In particular, the 0{a) corrections are still governed by the functions f{x) and g{x). Furthermore, using 
the transformation ipi, ip'^ = ^^ipe^ ~^ —iTie discussed in Section IlI.Al it can be shown that i n the V-A theor; 
there are no contributions to the differential decay rate (Eq. p^ ) that involve odd powers of rrie ( Roos and Sirh: 



)ry 

m 
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Il97l[ ). This imphcs that corrections of 0{{a/n)me/m^) arc absent and that the leading mass-dependent corrections 
to the differential decay rate are of 0{{a/n)rn'l/m'jj^hi{m'j^/m'l)). On the other hand, in the calculation of integrated 
observables such as the total decay rate, the integration over the electron or po sitron momentum does giye rise t o 
corrections of 0{a) proportional to {me/m^)^ , as well as even powers of me/mf^ ( van Ritbergen and Stuart . 1999a[). 

Rad i ative correction s of O(a^) to the electron spectrum were e v aluated by Anastasiou. Melnikov. and Petriellq 
(|2007f ): lArbu^ (|2003[ ): lArbuzov. Czarnecki. and Gaponenkol (|2002| ) : lArbuzov and Melnikovl (|2002[ ). 

Recently, the TWIST collaboration (jSaves et aTT 201 1[ ) reported very accurate measurements of the parameters 
p, 6 and VJl^ in the four-component neutrino framework of the general Fermi theory {VJl is the initial degree of 
polarization of the muon from tt decay): 



p = 0.74977 ± 0.00012 (stat.) ± 0.00023 (syst.) ; 
S = 0.75049 ± 0.00021 (stat.) ± 0.00027 (syst.) ; 
= 1.00084 ±0.00029 (stat.)t°:°°Jf3 (syst.) . 



(31) 
(32) 

(33) 



These results are in very good agreement with the predictions of the V-A theory, Eqs. ([27l [29 |) and VJl = 1, at a high 
level of precision. As mentioned before, the radiative corrections (RC) play a crucial role in the analysis. The authors 
also use these results to derive interesting bounds for the combinations \{gR/gL)C\ and {gL/gR)m2 in the generalized 
left-right symmetry model (jl and gn are the gauge couplings of Wl and Wr, C, the mixing angle when Wl and Wr 
arc expressed in terms of the mass cigenstates Wi and M^2, and m2 the mass of W2). 

The radiative corrections to the muon lifetime have been the subject of great interest and detailed studies. In 
fact, the argument given at the end of Section IlI.AI can be generalized: it has been shown that to leading order in 
G„, but all orde rs in a, the radiative corr ections to muon decay in the V-A theory are finite after mass and charge 



renormalization ( Berman and Sirlinl . Il96^ . The detailed calculations reach now the two- loop level and lead to: 



192^3^ ''""^ ' 



(34) 



where x = m^/mj^, F{x) = 1 — 8a; — 12a; In x -I- 8x — a; is a tree-level phase-space factor and 5^ is the radiative 
correction. 

Neglecting very small terms proportional to powers of m^Jm^, we have 



a /25 

2^ It 



1 



2a 
3^ 



■In 



6.700 



a 



(35) 



The 0{a) term has been known since t he end of the 1950's (iBermanl . fl958t iKinoshita and Sirlin . 1959a), the logarith- 
mic te r m of 0{a^) was derived in 1971 ( Roos and Sirlinl . [r971 ). and the last term in 1999 ( van Ritbergen and Stuarll . 
Il999al lbl: ISteinhauser and Seidensticked . 19991 ). about 40 years after the one- loop correction! The two terms of 0{a^) 
nearly cancel each other. Including very small one and tw o-loop contributions proportional to powers of me/m^ 
( Pak and Czarneckil . 120081 : Ivan Ritbergen and Stuartl . Il999al) . we have 



-4.19948 X 10" 



1.06 X 10" 



(36) 



where the first and second terms stand for the one and two-loop contributions, respectively. This reveals that when the 
corrections are expressed in terms of a, as in Eg. ([55)1 . the 0{a^) effects are very sm all, and the original 0(a) calculati on 
turns out to be very accurate. Alter natively, (5^ is frequently written in the form ( van Ritbergen and Stuarll Il999al [bl: 
ISteinhauser and Seidenstickeii Il999() 



2tt 



25 
T 



6.700 



airriu 



C{x) 



(37) 



where Q!(m^) = 1/135.9026283 ... is the running a{p) parameter at the scale. In this second form the logarithmic 
term of 0{a^) has been absorbed in the 0{a{m^)) contribution, and the 0{a^{m^)) effects are « 3.6 x 10"^, 
considerably larger than in Ea. (p6)) . The correction 5^ has been also studied using optimization methods that select 
the optimal scale in a(^i), permit to analyze the scheme dependence of the calculations and estimate the unknown 
terms of 0{a^{m^)) (jFerroglia. Ossola. and Sirlinl . I1999D . This analysis leads to an estimated error of « 2.6 x 10 
in 5^ due to the truncation of the perturbative series. 

C{x) in Eq. ((37|) denotes very small RC proportional to powers of x. Specifically, 



C{x) 



xi-l2 In a; - 9 - An^ + len^x^^^) + 0{x'') 



0.0784 



(38) 
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The terms of 0{a{mi^i)x^ /n) {I = 1,3/2) were derived by Ivan Ritbergen and StuartI ( 1999al ). Their expression differs 



from that in Eg. ([55)1 because of the factorization of F{x) in our Ea. ([5S|) . which was not employed by those authors. 
For clarity, we point out that to the stated level of accuracy, our result for based on Eqs. (p4l 13711381) through the 
terms of 0(a(ma)x '' /tt) , is equivalent to that obtained in their 1999 paper. The contribution of 0((Q!(mp)/7r)^) was 
derived years later ( Pak and Czarneckil . 120081 ) and amounts to —4.3 x 10~^. An interesting feature is that its leading 



contribution is linear in me/m^: — (a(m^)/7r)^ (5/4)7r^ x^/^ = —3.27 x 10" 

Because of the high precision of the measurement (jWebber et a/.l . [201l[ ) and the theoretical clarity of Eas. (j34l351 
I37|38p . Gp, the universal Fermi constant of the weak interactions, is identified with G^. Inserting the experimental 
value = 2196980.3(2.2) ps, Eqs.dMlETlEHl) lead to (5^ = -4.19818 x 10"^ and 

Gf = G^, = 1.1663788(7) x 10"^ GeV"^ , (39) 



an important 0.6 ppm determination ( Webber et al\ . \201l\] . 



We note that the evaluation of (5^ in the a and a(m^) schemes, namely (5^ = —4.19842 x 10^'^ fEg. dMl) ) and 
6fj, = —4.19818 X 10"'^, respectively, differ by —2.4 x 10~^. This difference is consistent with the estimate of the 
third order coefficient in the a(mu ) expansion on the basis of the optimization methods, namely (c3)ost. ~ —20 
( Ferroglia. Ossola. and Sirlinl . Il999f ). The effect of this difference on the determination of Gp fEa. (p9|) ). is also small 



in comparison with the current experimental error. 

We also note that, in some theoretical discussions of 1/r^, a factor (1 + Sm'jjM^) that represents the tree level 
correction from the M^-boson propagator, is applied in the r. h. s. of Eq. ((M)) . Since th is factor does not arise in 
the Fer mi theory framework, it is not included in our Eq.([34|). It has been pointed out bv lvan Ritbergen and StuartI 



(|l999at ) that, in ST calculations, it can be more naturally included in the electroweak correction Ar (cf. Eq. (|54j) ). 



More generally, it can be included in the expressions of the form Gpi^ — EWC) where EWC denotes a generic 
electroweak correction such as Af, Af^/, and Aroff (cf. Eqs. (|57l [58l (66)) '). On the other hand, it is useful to observe 
that this factor would amount to an addition of only « 5 x 10^^ to such electroweak correction, which is negligible at 
the current level of accuracy. 



E. The Universality of the Weak Interactions and the Conserved Vector Current Hypothesis 



The principle of universality of the weak interactions is a concept of enduring significance. In fact, it has motivated, 
at least in part, several important developments in particle physics. 

The origin of the idea can be t raced to 1947-49, when several aut hors (jKleinl . 11945 



^ iLee. Rosenbluth. and Yan3 . 119491: 

iPontecorvol Il947l : iPuppi ll948L Il949t iTiomno and Wheeled . Il949| ) noted that the basic processes fi — >■ e + i>fj, + i^e, 



and /X 



-p 



are characterized approximately by the same coupling constant, of magnitude 



n ^ p + e~ + De 

« 10^^ GeV~^. On this basis they proposed a universal weak interaction among the doublets (i^e, e), (f^, A^) and {p, n). 
In 1951, Enrico Fermi stated that this similarity is probably not accidental and has a deep meaning not understood 



at the time ( Fermil . [1951). He also suggested a p o ssible analogy with the universality of electric-charge. 

In their 1958 paper. iFevnman and Gell-MannI (|l958l) compared G^i with Gy, the vector coupling in /3-decay ex- 
tracted from ^"^O decay, a superallowed (0^ — >■ 0+) Fermi transition in which only the vector current contributes to 
zeroth order in a. They found Gv = G^ within roughly 1%. The result was very surprising, since even if one assumed 
Gy = Gp at the Lagrangian level as a manifestation of universality, a close equality was not expected because nucleons 
in /3-decay are affected by strong interactions, while this is not the case for the leptons in muon decay. This prompted 
Fevnman and Gell-MannI (Il95^ to invoke the conserved vector current (CVC) hypothesis, previously discussed by 
Gershtein and Zeldovicbl ( 19551 ). Specifically, the hadronic vector current in /3 decay is assumed to be conserved in the 
presence of the strong interactions. Since conservation laws are generally associated with symmetries of the theory, 
they further identified it with the A/3 = 1 isospin current. The near equality Gv ~ G^ could then be understood on 
the basis of two concepts: the principle of universality that states Gy = G^ at the Lagrangian level, and CVC that 
implies that the strong interactions do not renormalize Gy at = in the limit of isospin invariance. 

CVC, in turn, had another important consequence. If the strangeness conserving (AS* = 0) vector cur- 
rent is conserved, it would be natural to assume that the strangeness non-conserving (AS* = 1) vector cur- 
rent in semilcptonic decays is also conserved in some suitable limit. This was one of the main motivations for 
the search for higher partial symmetr i es of the Strong Interactions. A number of possibilities were considered 
( Behrends. Dretlein. Fronsdal. and Led. 1962), culminat ing with the phcnomcnologically successful SU(3)flavor sym- 
metry ( Gell-Mannl . 119621 : iGell-Mann and Ne'ema 3. 119641) . Gell-Mann also noted that a normalization of the hadronic 
currents is necess ary in orde r to defi ne precisely the concept of universality. This was an important motivation for 
Current Algebra (iGell-Mannl . [l964aD . In fact, the non-linearity of the basic Current Algebra relation 



[JS{x),4{y)U 



ir'^J^^{x)5\x-y), 



(40) 
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where f°''"^{a, 6, c = 1 ... 8) are the SU(3) structure constan ts, determines the normahzation of the hadronic currents. 
SU(3)flavor also led to the fundamental concept of quarks ( Gell-Maml Il964bt IZweiel Il964[ ) and the quark model of 
hadrons. 



F. Radiative Corrections to f3 Decay in the V-A Theory 

When the CVC hypothesis was formulated, it was natural to suspect that the w 1% difference between Gy and 
was due to electromagnetic corrections. Here, we have in mind electromagnetic corrections not contained in Fermi's 
Coulomb-function which is automatically included in the th eory of /? - decay . Ho wever, when the 0(a) correct ions to 
the decay probability of neutron /3-dccay were calculated bv iBermanl ( 1958| ) and iKinoshita and SirlinI ( 1959al ) in the 
V-A theory (cf. Ea. ([5IH) '), a striking result was found: contrary to the case of muon d ecay, the 0(a) correc t ions to 
/3-decay were logarithmically divergent! In particular, the detailed expression found bv IKinoshita and SirlinI ( 1959al ) 
for the 0{a) corrections to the electron or positron spectrum is given by 



nip, J 4 " 



213 



tanh ^ j3 



2(1 + /?^) + 
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4 

tanh""'^ /3 
4 tanh' 



- 1 



{Em - E) _ 3 2{Era " E) 

3E 2 



(41) 



(42) 



where p and E are the momentum and energy of the electron or positron, Em is the end-point energy, /3 = p/E^ nip 
the proton mass, A the ultraviolet cutoff, and 



^,{Em~Efd^P 



(43) 



is the uncorrected spectrum. In deriving Ea. (|^ . strong interactions have been neglected, so these results represent 
the corrections to the /3-decay of "bare nucleons" devoid of hadronic structure. Very small contributions of 0{E/mp) 
have been also neglected. 

The reason why the corrections to 13 decay are divergent in the V-A theory while those for muon decay are finite, 
can be understood in two ways: 

i) In contrast to the muon decay case, starting with the interaction Lagrangian of Eq. pop appropriate to /3-decay, 
it is not possible to bring the two charged particles into the same covariant while retaining only V and A 
interactions. Thus, the analogy with QED discussed in Section III.AI is lost in the case of /3-decay and the 
corrections are divergent. 

ii) Using a current algebra formulation, it can be shown that in the V-A theory the divergent part of the corrections 
to Fermi transitions is of the form 



27r 



P''d-'p3[l + 2Q] ln(A/M) 



(44) 



where Q is the average charge of the underlying hadronic fields in the process and M a relevant mass. In the 
case of Ea. (|5n|) . the underlying fields are the neutron and proton so that Q = 1/2 and the divergent part is 
{a/2TT)P^d'^p 61n(A/Af), in agreement with Ea. (PT|) . In the case of muon decay, the roles of p and n are played 
by i'^ and iJ.~ , so that Q = —1/2 and Eq. pi)) vanishes, consistent with the fact that the corrections to muon 
decay are finite in the V-A theory. It is interesting to note that in the corrections proportional to |Afi?p, where 
Mp is the Fermi matrix clement, the terms 31n(A/M) and 6Q\n{A/M) in Ea. (|l^ arise from the vector and 
axial vector currents, respectively. Similarly, in Ea. (|4ip 31n(A/mp) -|- g{E,Em) is the contribution from the 
vector current while the remaining 31n(A/TOp) 4-9/4 emerges from the axial vector current. Thus, although the 
axial vector current does not contribute to the Fermi matrix element at the tree-level, it plays a very important 
role in 0{a). 

The finding that the radiative corrections to /3-decay in the V-A theory are divergent, while those to muon-decay 
are convergent, created a serious theoretical problem since both processes are fundamental observables. Originally, 
Feynman, Herman, Kinoshita and Sirlin thought that this conundrum was due to the fact that strong interactions had 
been ignored in the calculations of the /3-dccay corrections. In fact, it was easy to imagine that strong interactions 
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could give rise to form factors that would cut off the high-energy contributions of the virtual photons. If so, A in 
Eas. (|41l44p was expected to be of the ord er of magnitude of the nucleon mass Mfq sa 1 GeV. The same point of view 
was strongly advocated by ( KallenL Il967( ) . A further complication at the time was that for A > 1 GeV the radiative 
corrections incre ased the difference between Gy and G^! The situation, as it existed in 1960, was summarized by 
(|Fevnmanl . [l960l) . 

The statement of universality was significantly changed when ICabibbd ( 1963h proposed his theory of semileptonic 
decays, constructed on the basis of SU(3)flavor currents. Rather than stating Gv{^S = 0) = G^^, the principle of 
universality was expressed as 



Gv(A5 = 0) = G^cos^c; Gv(AS' = 1) = Gpsin( 
where O^. is the Cabibbo angle. Thus, in the new framework we had 



Gi 



G^(AS' = 0) 



G^(A5 = 1). 



(45) 



(46) 



Ea.(|45p had two important consequences: by adjusting appropriately sin 0c, it successfully described the fact that 
AS* = 1 semileptonic decays are significantly suppressed relative to A5 = processes and, furthermore, the radiative 
corrections with A > 1 GeV had an effect that was at least in the right direction to comply with Eqs. (|45|46|) . 

In the 1960's the r e wer e other developments that also contributed significantly to the analysis of universality. 
iBehrends and SirlinI ( 19601 ) showed that if the conservation of SU(2) vector currents (such as the isospin currents) is 
broken by mass splittings, their matrix elements at zero momentum transfer are not renormalized to first order in 
the symmetry-breaking parame ters. They also c onjectured the generalization of this th eorem to higher symmetries . 
The results were confirmed bv iTerent'evI ( 1963() on the basis of a different argument. lAdemollo and Gattol (|1964[ ) 



independently derived the analogous theorem for SU(3) vector currents. This non-renormalization theorem plays an 
important role in the analysis of universality: in the SU(2) case it applies to j3 decay, while in the SU(3) context it is 
relevant for the AS* = 1 semileptonic decays. 

In 1966, there was another very important and surprising development. iBiorkerJ ( 1966t ). using current algebra 
methods, reached the conclusion that the strong interactions do not tame the logarithmic divergence of the radiative 
corrections to the Fermi transitions in /? decay. Thus, according to this approach, the cutoff A did not arise from 
the strong interactions! The analysis was extended bv lAbers. Norton, and DicusI (119611) . who studied the divergent 
part of the corrections to the F ermi amplitude arising from the axial v ector current. In their work, they applied 
the Bjorken- Johnson-Low hmit (Biorkenl 1 19661 : IJohnson and Lowl Il966() with a simplified, canonical evaluation of 
the relevant commutators. ISirlinI l|l967air using a very different approach, showed that the function g{E, E^)-, which 
describes the corrections to the electron or positron spectrum in (3 decay (cf. Eq. (|42|) ). is valid in the presence of the 
strong interactions, provid ed one neglect s small contributions of 0{aE/M), where M is a relevant hadronic mass. 
The approach employed in ISirlinI ( 1967al ). the so-called 1/k method, consists in separating out, in a gauge-invariant 
manner, the contributions that behave as 1/fc as fc — > in the hadronic parts of the Feynman integrals, where k is 
the virtual photon four-momentum. Such contributions are not affected by the strong interactions and lead to the 
function g{E, Em)- The remaining contributions are shown to fall into two classes: constant amplitudes, independent 
of E and Em, which are affected by the strong interactions, but can be absorbed by suitable redefinitions of the vector 
and axial vector coupling constants gv and gA, and very small terms of 0{aE/M) which are neglected. This method 
was extended to treat other observables such as the loi igitudinal polariza t ion o f electrons or positrons (ISirlinI. 1967a ) 
and the asymmetry from polariz ed nuclei in /3 decay ( Garcia and Maval Il978l : iGluck and Tot hi . Il992l : IShannl . Il971 : 
lYokoo. Suzuki, and Morital 1973). The current algebra form ulation and the 1/k method finally overlapped when, in a 
subsequent paper. lAbers. Dicus. Norton, and QuinnI (1961) were able to obtain not only the divergent parts, but also 
the corrections to the energy spectrum described by the function g{E,Em)- In fact, the current algebra formulation 
led to the important conclusion that, neglecting very small contributions of 0{aE/M), the 0{a) corrections to the 
Fermi amplitude arising from the vector current are not affected by the strong interactions, and it appeared that 
the divergent contributions involving the axial vector current were a lso known. Al though other methods to evaluate 
the radiative corrections to /3-decay were pursued, most notably bv iKall^ ( 1967( ). the current algebra formulation 
became the prevalent approach. 

Thus, in 1967 the situation regarding the radiative corrections to /3-decay was both interesting and perplexing. On 
the one-hand, the current algebra approach had been the basis of great technical progress. On the other hand, there was 
the great difficulty that in the V-A local Fe rmi theory the corrections are divergent! A t the ti me, two different solutions 
to thi s serious problem were suggested: i) ICabibbo. Maiani. and Preparatal ( 1967al lbl) and I Johnson. Low, and Suural 
( 19671 ) proposed to modify the space-space commutators of the current algebra of hadronic currents in such a way that 
the radiative corrections to /3-decay become convergent wl lSirlinl ( 1967bl ) proposed that the solution to the dilemma lies 
instead in an extension of the Fermi theory involving charged intermediate bosons . The argument was that in this 
framework the leading divergent contributions to muon and /3-decay are the same, so that they can be absorbed in a 
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universal renormalization of and Gy, as discussed bv lSirlinI ( 1967bl) and lAbers. Dicus. Norton, and QuinnI ( 19681 ). 
This approach, however, was not complete since the intermediate boson theory employed was not renormalizable and, 
as a consequence, logarithmic divergences with very small coefficients were not canceled. An additional limitation 
was that in this theory the effective cutoff was A « m w, and its magn it ude was unknown at the time. 

Analogou s results had been previously obtained by iDorma 3 (I1964D : [Lei (ll962D : IShaffeil (|l962L I1963D and iBailinI 
(|l964l . 119651 ). who had studied the radiative corrections in the intermediate boson framework in the case of "bare" 
nuclcons, devoid of strong interactions. The situation in 1968 was summarized bv ISirlinI ( 19681 ). 

As explained in Section IIIIl the solution of the serious problem affecting the radiative corrections to /3-decay had 
to wait until the emergence of the Standard Theory, a renormalizable theory of electroweak interactions! 

Recently, a, close , analy tic correction for the 0{a) radiative correction to the [Vf.) spectrum in allowed j3 decay 
was derived (jSirlinl . 120111 ). The motivation of this calculation is that knowledge of the {v^) spectrum is currently 
important for reactor studies of neutrino oscillations. One finds: 



where 



(47) 



dP^ = ApE F{Z, E) K^dK , 



(48) 



is the zeroth order spectrum. 



- , / 23 8 / 2/3 

h{E,E^) 31n ^ + — - ^Li2 

\mej 4 p + P 



( tanh"^/3 \ / 2EB\ isaihT^B 
8 ^ - 1 In — - + 4 ^ 



7 + 3^2 



2tanh"^/3 
(49) 



rrijy is the proton mass, K is the z/g energy, E = Em — K, Em the end-point energy of the electron in the /3-decay, 

p = \J E'^ — ml, (3 = p/E, F{Z,E) the Fermi Coulomb function, A a constant independent of K and Li2(z) the 
dilogarithm function defined in Ea. ((T^ . As in the case of the 0{a) correction to the e~ spectrum (cf. Ea. (H^ ). the 
function h{E,Em) is valid in the presence of the strong interactions, provided small contributions of 0{aE/M) are 
neglected. 

Including the 0{a) radiative corrections, the theoretical expressions for the and i>e spectra in allowed /3-decay 
can be written in the form 



~ fe{E, Em) ; - fu{K, Em) 



(50) 



where 



ME,Em)^ApEiE, 
UiK,Em)^ApEK^F{Z,E) 



E)^F{Z,E) l + —g{E,Em) 



a 
2^ 



HE, Em) 



(51) 
(52) 



h{E,Em) is defined in Ea. (|49)) and g{E,Em), the function that describes the 0{a) radiative correction to the e 
spectrum, is shown in Ea. (|42p . 

Co mparing Eas. ([5T|) and ([5^. neglecting contributions of ©(a^), and recalling E = Em ~ K, one finds ( Sirlinl . 

[mH): 



U{K,Em)^ fe{E,Em) 



a 
2^ 



h{E,Em)~ g{E,Em) 



(53) 



Ea. (|53p describes the conversion form the e~ spectrum in a specific decay into the corresponding v,, spectrum when 
the 0{a) radiative corrections are included. This conversion procedure is the method currently employed to determine 
the i?e spectrum from the measured electron spectrum. In turn, as mentioned before, knowledge of the spectrum 
is currently important for reactor studies of neutrino oscillations. 

An interesting theoretical property of h(E,Em) is that its me — >■ limit converges and leads to a very simple 
expression (rrie is the electron mass). This is in sharp contrast wit h the behavio r of g{E, Em) that diverges as rrie — >■ 0. 
This important difference can be explained in the following way ( Sirlinl . [20 111 ). For given K, as me — > all collinear 
e — 7 configurations become energy degenerate and generally give rise to mass singularities. An elementary, but 
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power ful theorem in quantum mechanics on degenerate systems and mass singularities, due to iLee and Nauenberd 
(I1964D . eads to the conclusion that these singularities are canceled in the power series expansions of transition 



probabilities if the latter are summed over an appropriate ensemble of such degenerate states. In the derivation of 
the radiative corrections to the i^e (t'e) spectrum, one performs the (Pp and cPk integrations, where p and k are 
the electron and photon momenta, so indeed one sums over the set of collinear e — 7 configurations that become 
energy degenerate in the m,; — > limit. Therefore, according to this theorem, h(E,Eo) should be free of Inme 
singularities, as found in the explicit calculation. In contrast, this is not the case in the derivation of the radiative 
corrections to the e~ spectrum, since the (Pp integration is not carried out. As a consequence, the Lec-Nauenberg 
theorem is not applicable to g{E,Em) and, as is well known, this function diverges in the nie — )■ limit. Analogous 
examples of mass singularities in the 0{a) radiative corrections to the differential spectra, and their cancellation in 
the lifetimes, integrated asymm etries and some partial decay rates in muon and /? decays were extensively discussed 
in ( Kinoshita and Sirlinl . Il959al) . 



Pion /3-decay, tt"*" — >■ 7r° + e"*" + i^e and its charge conjugate, tt^ — > tt" + + i^e, are processes of special interest, 
since their interpretation is devoid of the complications of nuclear structure that affect nuclear /3-decays. In this sense, 
they may be regarded as the simplest e xamples of super-allowed — )■ Fernii tran sitions. On the other hand, their 
branching ratio, (1.036 ± 0.006) x 10"^ (iNakamura am2010l:|Pocanic et d\ . \2004 . is very small and, consequently. 



the measure ment of their decay rate is much less p recise than in the nuclear transitions. 

Recently, iPassera. Philippides. and Sirlinl ( 201l[ ) compared the radiative corrections involving the weak hadronic 



vector current in pion /3-decay, as evaluated in the V — A theory in two different frameworks: 

i) the current algebra formulation, in which quarks are the fundamental underlying fields, and 

ii) the elementary approach in which pions are regarded as the fundamental fields. 

The comparison of the two calculations revealed a small difference that was shown to arise from a specific short- 
distance contribution that depends on the algebra satisfied by the weak and electromagnetic currents^. In fact, the 
space-space components of the algebra are different in i) and ii) and this was shown to explain the discrepancy 
discussed above. The results were also compar ed with a recent calculation based on chiral perturbation theory (xPT) 
(|Cirigliano. Knecht. Neufeld. and Pichl . |2003[) . Taking into a ccount its theoretical error, the yPT calculation was 



found to be consistent with those based on either i) or ii). iPassera. Philippides. and Sirlinl ( 201ll ) also discussed 



the important differences between the radiative corrections to pion /3-decay as evaluated in the V-A and Standard 
Theories. 



III. RADIATIVE CORRECTIONS IN THE STANDARD THEORY OF PARTICLE PHYSICS 



The Standard Theory of Particle Physics (ST) originally proposed bv I Weinberg (|l967f ). ISalaml (|l968l ). and lGlashowl 
( 196ll ). emerged, with very important contributions from other physicists, in the period 1967-1974. At present, it is a 
gauge theory of the Electromagnetic, Weak and Strong Interactions based on the SU(2)i x U(l) x SU(3)c symmetry 
group. Here SU(2)i x U(l) is the symmetry group of the electroweak (EW) sector and SU(3)c' that of Quantum 
Chromodynamic s (QCD) , the cu r rent theory of the Stro n g Inter acti ons. 



As shown bv I't HooftI (ll97lD. I't Hooft and VeltmanI (|l972allbh . lLe3 (119721 ). iLee and Zinn-JustinI (Il97l \l97^, 
IZinn-JustinI (1975), Becchi. Rouet. and StoraT i 1976 ). and others, it is a renormalizablc theory. This implies that 



the electroweak corrections (EWC) in this theory can be evaluated by perturbative field theoretic methods, since the 
ultraviolet divergences found in the calculations can be absorbed as unobservable contributions to the masses and 
couplings of the theory. In the domain in which the strong interaction running coupling as{n) is small, the same is 
true of the QCD corrections. 

I n 1972, dimensional r e gulariz at ion, a very ingenious method to re gularize u l travio let divergences, was proposed 
by I't Hooft and VeltmanI ( 1972a[ ) , iBoUini and Giambiagil ( 1972| ) , and lAshmor^ ( 19721 ) . It is particularly useful in 
the context of gauge theorie s such as th e ST. Dimensional regulariza tion of infrared divergences was pr oposed by 
iGastmans and Meuldermansl ( 19731 ) , and iMarciano and Sirlinl (ll975aD . and that of mass singularities bv iMarcianol 
(|l975l ). Dimensional regularization of infrared and mass singularities is widely used at present, particularly in QCD 
calculations. 

Once the renormalizability of the ST was recognized, it was natural to study the EW and QCD corrections of the 
theory. The aim of these studies are: 



^ The fact that this particular contribution is model-dependent was already pointed out bv lAbers. Dicus. Norton, and QuinnI l|l968f ). 
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i) To verify the ST at the level of its quantum corrections. 

ii) To search for discrepancies that may signal the presence of new physics beyond the ST. 

In the EW sector, these are essentially the objectives of what is now called Precision Electroweak Physics. 

A. Early Developments 

Already in the 1970's there were a number of important developments: 



i) The evaluation of one-loop EWC to 5^ — 2 ( Bars and Yoshimural . Il972t iFuiikawa. Lee, and" Sandal . Il972t 
IJackiw and Weinberg! . [l972| ). 



ii) IWeinberd (I1973D showed that there are no violations of 0{a) to parity and strangeness conservation in strong 



interaction amplitudes. 



iii) iGaillard and Led ( 1974[ ) studied p rocesses which are forbidden at the tree level, but occur via loop effects, and 



showed that the GIM mechanism ( Glashow. Iliopoulos. and Maiani [l970[ ) generally suppresses neutral current 
amplitudes of 0{GFa). 



iv) iBoUini. Giambiagi. and SirlinI ( 1973h studied the cancellation of ultraviolet divergences in fundamental natural 
relations of the ST. 

v) Using a simplified version of the ST involving integer-charged quarks, and neglecting the effect of the Strong 
Interactions, ,Sirlin (.1974) showed explicitly that the one-loop EWC to /3-decay are indeed finite in the ST and 
that the "cutoff" is given by Mz- This leads to large EWC of 0(4%), a result that has important consequences 
in the test of the universality of the Weak Interactions. Indeed, this result was one of the early "smoking 
guns" of the EW sector of the ST at the level of its quantum corrections. On the other hand, as discussed 
in Section fill. J[ an evaluation of the EWC in the "real" ST, based on fractionally charged quarks, and taking 
into account the effect of the Strong Interactions, ha d to wait un til the development of the Current Algebra 
formulation of radiative corrections in gauge theories (|Sirlinl . ll978l ). 



vi) IVeltmanI 1 1977f ). and lChanowitz. Furman. and Hinchliffd ( 1978h discovered that heavy particles do not generally 



decouple in the EWC of the ST, and that a heavy top quark gives contributions of 0{GfMi) to the p parameter, 
defined as the ratio of the neutral and charged current coupling constants at zero momentum transfer. 



B. Input Parameters 

Three very precisely measured constants play a particularly important role as input parameters in Electroweak 
Physics: 

i) The fine structure constant a = 1/137.035999679(94) (jNakamura et all [2oTol) . with a relative error ±6.9 x 
10^^ parts per million (ppm), obtained most precisely from g(e) — 2. 

ii) The Fermi constant Gf = = 1.1663788(7) x lO^^GeV"^, with a relative error of 0.6 ppm (see Section HLDI) . 

iii) Mz = 91.1876 ± 0.0021 GeV (jNakamura et aLl . l2010[) . with a relative error of 23 ppm. 

This very precise determination of Mz required sophisticated experimental techniques and a very accurate study 
of the Z Line Shape, in which QED and EW corrections play an important role (see for example iBerends et all 

jmi) 



C. The On-Shell Scheme of Renormalization 

Towards the end of the 1970's it seemed likely that experimental physicists would search for the W and Z interme- 
diate vector bosons of the ST and hopefully measure their masses. This motivated the idea of studying at the loop 
level the relation between Mw, Mz, Gp, a, and the EW mixing parameter sin^^vi', as well as other fundamental 
parameters of the theory, such as the quark masses and the Higgs boson mass Mh- The hope was that this analysis 
would lead to more accurate predictions for AIw and Mz- At the time, Gf and a were accurately known, and sin^ 9\y 
was determined with less precision from v — N deep inelastic scattering via the neutral and charged currents. Thus, 
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it became clear that it was necessary to evaluate the EWC to the last two processes to extract sin^ 9w, and to muon 
decay to obtain the relation with Gp and a. 

Since this required the analysis of a number o f processes in volving neutral and charged currents, in order to 
facilitate the evaluation of the corresponding EWC. ISirlinI ( 1980al) proposed a simple, physically motivated framework 



to renormalize the EW sector of the ST. This approach, with important contributions from other physicists^ 
currently known as the On-Shell scheme (OS). In the same 1980 paper, the OS sche me was applied to ev aluate the 
one- loop EWC to muon decay in the ST. The analysis leads to the basic OS relations ( Sirlinl . [l980al [l98^ 



^2^2 = '1^ (54) 

V2GfMU^ - Ar) ' ^ ' 



= sin'Ow^l-^, (55) 



M2 



where Gp ~ G^ is the Fermi constant discussed in Sections III.DI and IIII.Bl and Ar is the EWC to muon decay. From 
Eg. ([55]) we see that in the OS scheme the EW mixing parameter sin^ 9w is simply defined in terms of the physical 
masses My/ and Mz, to all orders in perturbation theory. In two subsequent pa pers, the OS scheme was ap plied to 



masses iviw ana iviz^ to all oraers m perturoation tneory. in two suDsequent pa pers, tne US scneme was ap piiea to 
the study of the EW C to v — N deep inelastic s cattering via the neutral current ( Marciano and SirTinl . Il980l) and via 



the charged current ( Sirlin and Marcianol Il98"ll) . This trilogy of papers achieved the aim of establishing contact, at 



the level of the EWC, between the theory and the expected measurements of Mw and Mz- In fact, using Eas. (|54l55p 
and the information from v ~ N scattering, they led to more accurate predictions of Mw and Mz before the actual 
measurements. As t he experimen t s on v — N scattering improved, the role of the EWC became more important. 
A detailed analysis (|Amaldi et alV Il987[) led to the estimates Mw = 80.2 ± 1.1 GeV, Mz = 91.6 ± 0.9 GeV, with 



central values that differ from the current ones by about 0.2 GeV and 0.4 GeV, respectively. It should be pointed 
out that this closeness is rather accidental (for example, the top quark mass used in calculations at the time was 
much smaller than its present value). Nonetheless, the early predictions were very useful because they provided what 
tur ned out to be realist ic mass ranges for the experimental searches of the W and Z bosons. Furthermore, as shown 
in ( Amaldi et al\ . Il987l ). they also turned out to be in good agreement with the early measurements of the W and Z 



The EWC Ar in Eq. ((54|) depends on various physical parameters of the ST such as a, Mw-, Mz, Mh, Mf, as{Mz), 
. . . , where Mh is the Higgs boson mass, Mf a generic fermion mass and as{Mz) the QCD running coupling evaluated 
at the scale /j. = Mz- It follows from Eas. (|54l55p that Ar is a physical observable. Eas. (|54l55p can be viewed as the 
relation between the physical parameters of the Fermi Theory (low-energy effective theory), namely Gp and a, and 
those of the ST (underlying theory), namely a, M\y, Mz, Mh, Mf, . . . , at the level of the quantum corrections. 
These relations are currently used to calculate M\y = Mw{Mh), leading to very sharp constraints on Mg 

The On-ShcU Sche me is also use d in the ZFITTER program (|Arbuzov et all l2006l : iBardin et all . l200lD and the 
Gfittcr project (jFlacher et a/.l , [20091) . extensively employed in the analysis of the electroweak precision observables. 



D. The MS Scheme of Renormalization 

Another important and very useful approach is the MS renormalization framework, in which the electroweak mixing 
parameter is identified with the running coupling sin^ OwifJ-) ~ e^((u)/g^(/x) evaluated at the /i = Mz scale. (Here g 
is the SU(2)i gauge coupling). 

In this scheme, the renormalization of sin^ OwitA and the various coupli ngs is implemented by modified mini- 
mal subtraction (MS) (jBardeen. Buras. Duke, and Mutal . Il978l : iBurad . Il980() . At the one- loop level, this involves 
subtracting 

S = ^ + ln(47r)] (56) 

from the EWC, where the first term is the characteristic pole in dimensional regularization and jp — 0.5772 ... is 
Euler's constant. Since at the one-loop level, S always appears in combination with ln(l//i) where fi is the 't Hooft 
mass scale, an equivalent procedure is to rescale fi according to /i = ^'e'''/^/(47r)^/^, subtract only the (n — 4)~^ pole 
term and then set /x', rather /x, at the relevant mass scale. This second formulation can be conveniently generalized 



See, for example, lAoki et al. I l ll982D : lBohm. Spiesberger. and Hoim3 ||1986| '): IConsoIi. Hollik. and Jegerlehneii ||1989| '): iHoUig ( 119901) . 
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to higher order EWC and one can define the MS renormalization procedure as the subtraction of the pole terms 
(n — 4)"™ (m > 1), and the identification of the rescaled parameter /Lt' with the relevant mass scale. 

Although masses can also be defined as running parameters, a hybrid scheme in which couplings and sin^ ^-^e 
renormalized by MS subtractions, but masses are still the physical ones, has proved to be very useful and is frequently 
employed. 

An early application of the MS scheme (jMarciano and Sirlinl . llQSlI ) was the derivation of precise SU(5) predictions 
for the neutral current amplitude sm^9'^{q^) ( defined in E q. dMl) '). and Mw and Mz - 

It w as also employed in the early papers of lLlewellvn~Sm ith and Wheateil ( 1981 ) ; IWheater and Llewellvn SmithI 
( 19821 ) on the EWC to deep inelastic neutrino and electro n scatt e ring. 

Two important relations in this scheme were derived bv lSirlinI (|l989[) and iFanchiott i and Sirli i (I1990D : 



-2 "2 
S C 



\/2GfM|(1- Af) ' 
V2GfMI{1~ Afw) 



(57) 
(58) 



where = sin^ OwiMz) is the MS electroweak mixing parameter evaluated at the scale /i = Mz, = 1 — s^, and 
Af and Arw are the corresponding EWC. In 1989, Eg. ([57)1 and the early Mz measurements at the Large Electron- 
Positron collider (LEP) were applied to improve significantly the determination of sin^ 9w (Mz) (ISirliilll989D . In fact, 
a{Mz), sin^ 9w{Mz) and as{Mz) provide the initial values for the renormalization group equations (RGE) satisfied by 
the running SU(2)i x U(l) x SUc(3) gauge couplings, which play a crucial role in the study of Grand Unified Theories 
(GUTs) and in the discovery of supersymmetric Grand Unification (see, for example. iLangacker and Polonskvl ( 19931 
Il995l )l. In particular, the 1989 analysis ( Sirlinl . [l989() found that the improved value of sin"^ 9w{Mz) was indeed 
consistent with supersymmetric Grand Unification. 

A modificat i on of the renorm alization prescription for sin^ 9w{Mz) was proposed bv lMarciano and Rosneil ( 19901 ) 
an arcianol (|l99llll993lll995[ ). According to this prescription, aside from the l/(n— 4) pole terms, the contributions 
from particles of mass m > Mz that do not decouple in the m — >■ oo limit, are also subtracted from the amplitude 
multiplying sin^ 9w{Mz), and are therefore absorbed in this renormalized parameter. The aim of this prescription is 
to obtain values of ain^ 9wiMz) from the on-resonance observables which are very insensitive to heavy particles of 
mass m > Mz, a property that facilitates the analysis of the evolution of sin^ 9w{Mz) to the GUT scale. 

The neutral current vertex of the Z boson into a fermion-antifermion pair (//) has the form 



hf (1 - 75) 



(59) 



where V/(q^), kf{q^), and its OS counterpart kf{q^) are electroweak form factors. I^f and Qj denote the third 
component of the weak isospin and the charge of fermion /. 

In t erms of the kj and fc/ form factors, the neutral current amplitude sin^ (^"wi^"^) discussed bv lMarciano and Sirlinl 
(ll98lD . is 



sm 



2 /lexp 



'^Hq')^kf{q')s'^kf{q') 



(60) 



The MS and OS definitions of the electroweak mixing angle are related by ( Degrassi. Fanchiotti. and Sirlinl . [19911 ) 



A/5 



Re 



AwwjM'^) 



AzzjM^z) 
MIp 



MS 



(61) 
(62) 



where Ay/wil^) and Azz{q^) are the W — W and Z — Z transverse self-energies, p = (1 — Ap)~^, and MS denotes 
the MS renormalization and the choice p = Mz- 

The MS scheme is also used in the radiative correction program GAPP ( Erlerl Il999l ). extensively employed by 
J. Erler and P. Langacker in their by-annual reviews of the Electroweak Model and Constraints on New Physics (see, 
for example. iNakamura et ai. ( .201ft) ). 

Early studies o f the Q CD co n tribut ions to EWC include iDiouadil ( 19881 ): iDiouadi and Verzegnassil ( 19871 ): 
iHalzen and Kniehll (Il99ll): iKniehll (Il990l). The incorpora tion of QCD effects in the basic EWC Af, Arw and Ar 
was implemented by Fanchiotti. Kniehl. and Sirlinl ( 19931 ) (see also references cited therein). They include pertur- 
bative 0{aas) contributions and tt threshold effects. Here as is evaluated at a relevant mass scale such as Mz or 
Mt. 



17 



E. The Effective Electroweak Mixing Parameter 

Another very useful version of the electroweak mixing parameter is s^, = sin^ d[°f^ , extensively employed by the 
Electroweak Working Group (EWWG) to analyze the data at the Z re sonance. Here cfF. and lept. are abbreviations 
for effective and leptonic, respectively. It is defined by ( Roland! Il993[ ): 



Asm''e'T = ^, (63) 
9 a 



where gy and arc the effective vector and axial vector couplings of the Z ^ II amplitude at resonance {q^ = ^^I) 
and I stands for a charged lepton. 

The relations between s^,.j and s^, were obtained bv lCambino and SirlinI ( 1994al ): 



sf,, = Reki{M^z)s = Rcki{M^z)s , (64) 

where ki{q^) and ki{q^) arc the electroweak form factors introduced in Eg. ((5^ and following lines. Because of 
a fortuitous cancellation of E WC, ReA:;(M|) is very clos e to 1. Applying the Marciano-Rosner renormalization 
prescription (cf. Section lilI.D[) . [Cambino and SirlinI ( 1994a( ) found 



A = sf„ - « 3 X 10"* . (65) 

They also pointed out that, if this prescription is not applied, so that the complete top-quark contribution is included 
in the calculation of A;/(Mf ), the difference becomes even smaller, namely A w 1 x 10""* for Mt — 173.2 GeV. 

Combining Eg. (1571) and Eq .( [M)) . and writing ReA:/(A'/|) = 1 -f (e2/s2)AA:(M|), one finds 



uompmmg Jivq.(ia/ll ana Ji.o .([i 
(|Ferroglia. Ossola. and SirlinI . 120011 ): 



4fC?ft = /TT^ . .9 1 7' (66) 



^/2GFA^| (1 - Ar„„) ' 
Ar,,, = Af + ^Afc (l-'-f\(l + xt) + --- , (67) 

■^cff V ''oft / 

where Xt — 3GpM^ / (-\/2 Stt^) is the leading contribution to A/5. Ea. (p7|) includes the complete one-loop EWC, as well 
as the two-loop contributions enhanced by factors (M(^/M|)" (n = 1, 2). We note that Eg. (|66)) has a form analogous 
to Eg. ([5^ and Eg. (|57)) . The one- loop app roximation to Eg . (1^71) ha d been previously applied to discuss the mass scale 



of new physics in the Higgs-less scenario (|Kniehl and SirlinI . [199' 



The asymptotic behaviors for large Mt, Mh, of the basic corrections Ar, Af, and Ar^,, are very instructive. At the 
one-loop level, we have 

3a M? Ua , f Mh\ 
Ar H ^ n — H , (68 

3a M? a /5 3 .\ , f Mh\ 
Ar.„«Ar ^ -___*+__ (69) 



leTTs^c^Mf 27rs2c2 V6 4 / \Mz J 

Egs. (|68l69p reveal a quadratic dependence on Mt, a logarithmic dependence on Mh- The asymptotic behaviors in 
Mt and Mh have opposite signs, a fact that helps to explain a well known Mt — Mh correlation, namely increasing 
(decreasing) values of Alt favor increasing (decreasing) values of Mh- The cofactor of M^ /M^ in Ar is approximately 
larger by c^/s^ « 3.5 than in Af, Ar^a. This implies that Ar is significantly more sensitive to Mt than Af and Ar^f. 
The asymptotic behavior for large Mt of the neutral current amplitude is 

Gf 

N. C. ampl. — , (70) 

I - Xt 

where xt is defined after Eg. (|67| . 

Additional contributions to Ar and Ar„ff lead to shifts 6Mw/Mw ~ -0.205 S{Ar), Ss%Jsl, w 1.52 S{Ar,„). 
Current values for the three versions of the electroweak mixing parameter discussed above, are 

sin^ Ow = 0.22290(29) ; sin^ 9]°^' = 0.23153(16) ; sin^ e%r{Mz) = 0.23123(16) . (71) 

The value of siv? 6w was obtained using Eg. (|55|) and the experimental values Mz = 91.1876(21) GeV piI.BI) and 
Mw = 80.385(15) GeV (the average of the Tcvatron and LEP2 measurements). The sin^ 0'°}?' value is the average of 
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the values obtained from all the asymmetries measured at LEP and at the Stanford Linear Collider (SLC), and dates 
back to 2005. The value of sin^ dwi^z) has been derived from that of sin^ 6l°if* taking into account Eq. (|S5|) . 

The values of the QCD coupling and the MS fine structure constant at the scale /x = Mz are given by 
( Dissertori and Salami . I2OIOI: lErler and Langackeii I2OIOI ) 

asiMz) = 0.1184(7) , d(Afz) = (127.916(15))-^ . (72) 



F. Renormalization Schemes: General Observations 

As discussed in Sections IIILClUlLEl the EWC have been evaluated in specific renormalization schemes. An in- 
teresting feature is that each scheme is associated with a specific definition of the renormalizcd electroweak mixing 
parameter. 

Two of the most frequently employed schemes are: 

i) The On-Shell (OS) Scheme, discussed in Section IIII.CI It is very "physical" , since it identifies renormalized 
couplings and masses with physical, scale-independent observables, such as Gp, a, Miy, Mz, Mjj, Mj ...It 
has also provided the framework for very accurate calculations such as the complete two-loop evaluation of 
Ar and sin 01° f (cf. Sections UlLN)) . As mentioned in Section UlLCl it is used in the ZFITTER and Gfitter 
programs, extensively employed by the LEP EW and Gfitter Groups in the analysis of the precision electroweak 
observables. 

ii) The MS Scheme, discussed in Section IlII.Dl It has very good convergence properties. In fact, in this scheme 
one essentially subtracts the pole terms, and therefore the calculations follow closely the structure of the un- 
renormalized theory. In this way it avoids large finite corrections that are often induced by renormalization. 
It employs scale dependent couplings such as a(/i), s^(//), which play a crucial role in the study of Grand 
Unification. On the other hand, the use of such couplings generally leads to a residual scale dependence in the 
evaluation of observables, due to the truncation of the perturbative series. As explained in Section IlII.Di it is 
used in the GAPP program, extensively employed by J. Erler and P. Langacker in their by- annual contributions 
to the Review of Particle Physics. 



More recently, a novel approach, called the Effective Scheme, was proposed bv lFerroglia. Ossola. and SirlinI (|200lh 



It employs scale- independent parameters such as s'^^, Gp, Mw, Mz ■ ■ ■ Consequently, the calculation of observables 
is strictly scale-independent in finite orders of perturbation theory. Furthermore, it shares the good convergence 
properties of the MS scheme, a fact that is related to the numerical closeness of 3"^^ and s^(Mz) (cf. Eg. ([65)) ). 

The comparative evaluation of the EWC using different renormalization schemes is often very useful, because it 
provides an estimate of the theoretical error due to the truncation of the perturbative series. 



G. The Running of a{fi) and sin^ dwifJ-) 

A very important contribution to the EWC is associated with the running of a to the Mz scale via vacuum 
polarization contributions, an effect usually parametrized as 

(73) 

a 1 — Aa 

The leptonic contribution is 

Aa; = 314.97686 x 10""^ ~ 0.03150 . (74) 



This result includes three- loop contributions evaluated bv ISteinhauserl ( 19981 ). The contribution of the five lightest 



quarks {u — b) is evaluated using dispersion relations involving the experimental cross-section for e+e^ — > hadrons 
at low ^,fs and perturbative QC D (P QCD) at large -y/i . Important studies of these effects were carried out by 
lEidelman and Jegerlehneil (Il995h and IJegerlehneil ( 200lh (and references cited therein). Recent, accurate values 



include Aa|f^ = 0.02750(33) (|Burkhardt and Pietrzvkl l201lD . Aa|f' = 0.027626(138) (iHagiwara et all l201lh . and 

Aajf' = 0.02757(10) (jPavier. Hoecker. Malaescu. and Zhangl . I2OIII) . The smaller error in the last reference is partly 
due to the use of PQCD in the \/s range between 1.8 GeV and 3.7 GeV. Combining the result obtained in that 
reference with Aaj (cf. Ea.([7i|). one finds the accurate value 

Aa = Aa; + Aajf ^ = 0.05907(10) . (75) 
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Eg. (1751) docs not include the top-quark contribution, which is evaluated perturbatively, amounts to 

Aatop = -0.72x 10-\ 



(76) 



and is usually taken into account together with other Mt-dependent EWC. 

Running versions of the e l ectrow eak mixing parameter were proposed by ICzarnecki and Marcianol ( 2000[) and by 
iFerroglia. Ossola. and SirlinI (|20n4l) . For < 0, the first authors define 



sin^ OwiQ^) = k{Q^) sin^ 9wiMz) 



(77) 



where 



and k(Q^) is identified with the MS form factor 



fce(-(3^) (cf. Eq.dMl) in the case / = e). 
ICzarnecki and Marcianol (|2000l) found that the EWC lead to k(0) = 1.0301 ± 0.0025, and pointed out that this 
+3% increase in the value of the electroweak mixing parameter, appropriate for low Q^, gives rise to a 38% reduc- 
tion in the left-right polarization asymmetry ^lr in M0llcr scattering! The reason is that Alr is proportional to 
1 — 4 sin^ dw{Q'^), a factor close to zero, and a small shift in the value of the electroweak mixing parameter has a very 
pronounced effect. In the same work, sin^ dwiQ^) was evaluated and displayed over a large range < Q < 1 TeV, 

w here Q = \/Q^. 

IFerroglia. Ossola. and SirlinI ( 20041 ) proposed an alternative "running" version of the electroweak mixing parameter. 
Specifically, they define 



sin^ewiq^) = ( 1- 



(78) 



')w{Mz) (cf. Section UlLDl) and a^z{q'^,Mz) is the "Pinch Technique" (PT) 7Z self-energy evaluated 
at /X = Mz- 

We recall that the Pinch Technique ( Cornwall ll98lL Il982t ICornwaU and Papavassilioui Il989l : FapavassiliouL Il990t ) 
is a prescription that combines the conventional self-energies with "pinch parts" from vertex and box diagrams in 
such a manner that the modified self-energies are gauge- independent and are endowed with very desirable theoretical 
properties. The PT self-energies in the electroweak sector of the ST were derived bv iDegrassi and SirlinI ( 19921 ). In 
the same paper it was shown that the "pinch parts" can be identified with amplitudes involving appropriate equal- 
time commutators of currents, which explains the fact that they are process independent and are not affected by the 
strong interactions. IFerroglia. Ossola. and SirlinI ( 20041 ) evaluated and displayed sm^9w{q^) both in the space-like 
(q^ < 0) and time-like (g^ > 0) domains, appropriate to e~ — e~ and e"*" — e~ colliders, respectively. In the second 
case ttjziq^, Mz) is generally complex and sin^ Owiq^) is defined by the real part of the r.h.s. of Eq. (|78|) . 

Interestingly, the authors obtained 



1 - 4 sin^ 0w (0) = 0.0452 ± 0.023 , 



(79) 



which is very close to 0.0450 ± 0.023 ± 0.0010, the result previously found bv ICzarnecki and Marcianol ( 19961 ) for the 
complete one-loop EWC to ^lr at = 0.025 GeV^ and y = Q^/s = 1/2, appropriate to the SLAC experiment E158 



(jKumar. Hughes. Holmes, and SoudeR Il995t ). Setting = M| in Eq.^, one finds sin^ 9w{Mz) = 0.23048, which 



is lower than sin ^^^.f* = 0.23153 by 0.45%; although not in precise agreement, the two parameters are rather close. 
It is also interesting to no t e that both the running of a and of the weak mixing angle have been derived directly in 



it IS also inter esting to no t e that botii trie running ot a and 01 the weak mi 
the MS scheme (jErleil (| 19991) : lErler and Ramsev-Musofj (|2005t) . respectively) 



H. The Mt Prediction 

An important example of the successful interplay between theory and experiment was the prediction of the top 
quark mass Alt and its subsequent measurement. 

Before 1995, the top quark could not be produced directly, but it was possible to estimate its mass because of 
its virtua l contr ibutions to the EWC. In 1994, a global analysis by the EWWG led to the indirect determination 
(|Pietrzvkl . [l993) 



Mt = 177 ±lltllGeV, (80) 

where the central value corresponds to Mh = 300 GeV , the first error is experimental, and the second represents the 
shift in the central value assuming Mh = 65 GeV (—19 Ge V), or Mh = 1 TeV (-1-18 GeV). This can be com pared 



with the current experimental value Mf — 173.2 ± 0.9 GeV ( The Tevatron Electroweak Working Groupl . I2OIII ). 

This successful prediction was possible because of the very sensitive Mt-dependencc of the basic EWC (cf., for 
example, Eas. (|68l69p ). 
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I. Evidence for Electroweak Corrections 



a) Evidence for EWC be yond the running of c t (ISirliij. 'l994bl). Using the experimental values of a , Gp, Mz, My/ = 
80.385 ± 0.015 GeV (|LEP EWWGI . l2012t iThe Tevatron Electroweak Working Groud . I2012D . and Eas. ljMlk]) . 
one finds 



(Ar)^^p = 0.03506 ±0.00090. (81) 

The contribution to Ar from the running of a is Aa = 0.05907 ± 0.00010 (cf. Eql75|)). Thus, the contribution 
to Ar beyond the running of a is 

(Ar)^^p - Aa = -0.02401 ± 0.00091 , (82) 

which differs from by 26 cr! 

An alternative argument is to compare the values of sin^ O'^g^ = 0.23153±0.00016 and sin^ Ow = 0.22290±0.00029 
(cf. Eq.dlT]) and following discussion). The difference is°0.00863 ± 0.00033, also 26 cr, and it arises from EWC 
not including Aa. Indeed, the difference is mainly due to the EWC c^Ap in Eq. (pT|) . 

b) Evidence for Electroweak Bosonic Corrections (EWBC) (jCambino and Sirlinl . Il994bl) . They include loops in- 
volving the bosonic sector: W , Z, H and unphysical scalars. They are subleading numerically relative to the 
fermionic contributions, but very important conceptually. Strong evidence for the EWBC can be found by 
measuring Ar^,,. Using the experimental values of a, Gp, Mz, sin^ 61°^^ and Eg. ([5^ one finds: 

(Ar„«)^^p = 0.06059 ± 0.00045 . (83) 

Subtracting the contribution of the EWBC from the theoretical expression for Ar„ff given in Eq. ([S7|) . but 
retaining the fermionic EWC, the theoretical value is {^r^tf)[ll^^. = 0.05045±0. 00056. The difference (Ar„ff)j,^p — 
(Ar„,f)[£^^ = 0.01014 ± 0.00072 provides an estimate of the EWBC to Ar^,, . Thus, they differ from by 14 cr! 



J. Precise Test of CKM Unitarity 



Since the Cabibbo-Kobayashi-Maskawa (CKM) matrix Vij is unitary, a fundamental prediction is that 

Y^\V.^\'^1, Y.\V,,\'^l. (84) 

j i 

In particular, in the three-generation case, the elements of the first row must satisfy the equality 

|Kd|' + |K.|' + |K6|' = l. (85) 

the dominant term in Eq. ([55|) . is obtained most precisely from the O"*" — >■ 0+ Supcrallowed Fermi Transitions 
in /3-decay. Using the Current Algebra formulation to evaluate the 0( a) EWC in th e Standard Theory, one finds the 
following expression for the probability of these important transitions ([Sirlinl . Il978() : 



Pd^p = P"d^p + — 
27r 



31n(^^^ +g{E,E^) + 6Q\n(^^^+2G + Ag 



(86) 



pO^Sp ^ 9F^^\MF\'F{Z,E){E„.~Efd'p, (87) 
an 

where p, E, and Em are the momentum, energy and end-point energy of the electron or positron in the decay, F {Z, E) 
is the Fermi Coulomb function, g {E, £',„) is defined in Eq. p2|) in Section flLFl and Mp is the matrix element of the 
weak hadronic vector current between the initial and final nuclei. For iso-triplet transitions = 2. 

The terms between square brackets in Eq. ([55)) represent the 0{a) corrections not contained in F{Z,E) in the 
approximation of neglecting contributions of 0{{a/Tr)E /rrip). The first two terms in that expression arise from the 
weak hadronic vector current and are not affected by the strong interactions (S.I.). In particular, the proton mass 
nip cancels in the sum. We recall that the function g{E,Em) describes the 0{a) radiative corrections to the electron 
or positron spectrum in /3 decay in the presence of the S.I. (cf. Section |II.F[) . The third term is a short-distance 
contribution to the Fermi amplitude arising from the weak hadronic axial vector current and Q is the average charge 
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of the fundamental doublet involved in the transition. In the ST this is the u — d doublet and Q = (2/3 — 1/3)/2 = 1/6. 
M is a hadronic mass of 0(1 GeV). The 2C term is the corresponding non-asymptotic part and Ag ~ —0.34 is a very 
small asymptotic QCD contribution proportional to as{Mz)- Although the axial vector current does not contribute 
to the Fermi amplitude at the tree level, we see that it gives rise to an important EWC in Eg. ([55]) . 

The EWC to /3 decay are dominated by a large logarithmic term, {3a/2TT)\n{Mz /2E,n)- For example, in the 
superallowcd ^"'O decay, Em = 2.3 MeV, and this contribution amounts to 3.4%. As we will see, such large correction 
is phenomcnologically crucial to verify Eq. (j85|) . As mentioned in Section IIII.Al this result was one of the early 
"smoking guns" of the EW sector of the ST at the level of its quantum corrections. 

Contributions of 0{Za'^) and 0{Z'^a^) are denoted by 62 and 63. In particular, in the mid-eighties a re-evaluation 
of 62 played an important role in the test of the conserved vector current (CVC) hypothesis. In fact, at the time 
the analysis of eight accurately measured Superallowcd Fermi transactions showed a significant departure from CVC 
expectations. Simple theoretical arguments strongly suggested that the problem arose in the evalu ation of the two-loop 
62 tha t had been done n umerically long before. The correction was then evaluated analytically bv lSirlin and Zucchinil 
(|1986[ ) andlSMinl (|l987f ) and, when appli ed to the eight transitio ns, led to very good agreement with CVC, a result 
confirmed by a new numerical evaluation ( Jaus and Rasch^ 1987t). One finds that 62 varies from 0.22% for ^^O decay 
to 0.50% for the ^'^Co transition, while ^3 is much smaller ( Jaus and Raschj . Il987l ). 

There is also a correction Sc that describes the lack of perfect overlap between the wavefunctions of the parent 
and daughter nuclei due to Coulomb forces and configuration mixing effects in the shell-model wavefunctions, as 
well as a nuclear-s t ructu re-dependent correction (5ns- They have been extensively discussed in the literature (see 
iTowner and Hardvl ( 2008() and references cited therein). 

Over the years, a number of refinements have been incorporated in the evaluation of the EWC. For example 
leading logarithmic contr ibutions C(q" ln"(M^/mp) ) an d 0(a" ln"(mp/2£'m)) have been sumin ed via a renormal- 
ization group analysis by iMarciano and SirlinI ( 19861 ) and ICzarnecki. Marciano. and SirlinI (|2004l ). They lead to the 
replacements 



1 



27r ''\2E„,. 



S{mp,Mz) 1.02248, 



L {2Em., rup) 



(88) 
(89) 



where {2iOi/2TT)\ii(mp/2 Em) is a lea ding contribution to g(E,E,n)- In the case of neutron (3 decay, for example, 
L {2Em, mp) = 1.02094. ISirlinI (Il982l) showed that all scmilcptonic processes mediated by the W boson arc enhanced 
by a short-distance EWC analogous to Eq.dSHl), namely of the form 1 -I- {2a/n) \n(M z/M) S(M,Mz). where Af is 
a releva nt hadronic mass. Interesti ng examples include the hadronic decays of the r (iMarciano and SirlinI . 1 1988^ ■ 7r;2 
decays ( Marciano and SirlinI . 119881 ) . and muon capture ( Czarnecki. Marciano . and S irlin . 2007), where s hort-distance 
effects of this type play a very important role in the EWC. More recently, .Marciano and SirlinI ( 20051 ) developed a 
new method to compute hadronic effects on EWC to low-energy weak interaction semileptonic processes. It employs 
high order perturbative QCD results originally derived for the Bjorken sum rule for polarized electroproduction, as 
well as a large N QCD -motivated interpolating function that matches long and short distance EWC. When applied 
to the Superallowcd Fermi transitions, it improves the evaluation of the axial vector current contribution in Eq. (|86p 
and reduces by a fa ctor of 2 the theoretical lo op uncertainty in the extraction of Vud- 

A critical survey (jHardv and Towneil . [20091) examines 20 Superallowcd 0+ — > 0+ /3 decays. The analysis leads to the 
evaluation of the Tt values for the 20 transitions, where is a phase space factor that includes the Fermi Coulomb 
function, the electroweak corrections and the nuclear corrections Sc and JnSi and t is the partial half-life. 

The CVC hypothesis predicts that the values should be the same for all these transitions, a demanding test that 
is very well satisfied by the results. For the weighted average of the 13 most accurate Tt values (those with errors 
less than ±0.4%) the authors obtain J^t = 3071.87 ± 0.83 s, a result that leads to the important determination 

iKdl = 0.97425(22). (90) 

The value of \Vus\ can be determined from decays and that of |Vus|/|Kid| from the ratio of A'+ ji^v and 
■K^ — > decay rates. Combining the two inputs the authors find 

iKs I = 0.22534(93) . (91) 

(3.93 ± 0.35) X 10-3 (jAmsler et al. (Particle Data Group)! . l2008l ). 



Inserting E qs. (1901911 and |Kfc| 
iHardv and Towncn (|2009i) obtain 



\Vud? + \Vus? + \Vub? = 0.99995(61) 



(92) 
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an impressive 0.06% test of the three generation ST at the level of its quantum corrections. It is interesting to note 
that the overall EWC to Eq.dMl) are of 0(4%), i. e. 66 times larger than the 0.061% error ! 

EWC of 0{a) to neutron /3 decay were included in the classic wor k of Wilkinso"nl ( 1982| ). More recently, a number 



of refinements were introduced by ICzarnecki. Marciano. and SirlinI ( 2004 ). Since the axial vector current is not 



conserved, in the case of the Gamow- Teller amplitude the Current Algebra analysis of the EWC does not lead to a 
simple expression, independent of the S.I., in contrast with the corrections involving the vector current (cf. Eq.(|86|) 
and the discussion following that equation). The strategy followed by the authors was to define gA = Ga/Gv 
(Gv = GplVudl) in terms of the neutron lifetime r„ by means of the expression 

1 ^ ^|g|f^^5 (1 + 3^^) f (1 + j^c) , (93) 

where / = 1.6887 is a phase space factor that includes the Coulomb Fermi function contribution, as well as smaller 
corrections, and (1 + RC) is identified with the well known EWC involving the vector current. This implies that 
some EWC are abso rbed in this d efinition of gA and, therefore, Ga- An interesting point is that the cor rection 
1 + {a/2TT)g{E,E^) (jSirlinl . Il967al) and the short distance contribution 1 + 2{a/n)\n{Mz /rup) (jSirlinl . \l98^ affect 



both the Fermi and Gamow- Teller transitions, so they are well described by the factorization of the EWC in Eq. 
It follows that the same is true of the large logarithmic term {3a/2Tr)\n{mp/2Em) contained in {a/2Tr)g{E, E,n)- 

The authors proceeded then to evaluate a number of higher order EWC to Ea. (|93)) : the sum of the corrections of 
0{a"- \vl"' {M z I rUp)) and 0(0?" ln"(mp/2£'m)) according to Eas. (|88l89|) . the contribution of 82, and next-to leading log 
corrections of 0{o? In (Mz/rUp)) and 0{a^ In (mp/m/)) arising from fermion vacuum polarization insertions in loops 
with photon propagators. The analysis led to the useful relation 

|Kd|'(l + 3g^)T„= 4908±4s. (94) 

Using the experimental averages t„ = 885.7(7) s and gA = 1.2720(18) (from the polarized neutron decay asymmetry), 
Eq.dMl) leads to 

= 0.9729(12) (neutron decay) , (95) 

which is consistent with Ea. ([M| . but much less precise. Ea. (|M)) can also be applied to calculate gA using the accurate 
I Vud I value from the Superallowed Fermi transitions and the experimental value of r„ . In this way the authors obtained 
the precise prediction 

gA = 1.2703(8) , (96) 
which was compared with the experimental values derived from the asymmetry. 

Over the years, the test of unitarity of the CKM matrix shown in Eg. ([55)) has been used to set bounds on certain 
forms of new physics. The strategy is to attribute to the new physics the devi ation f r om un ity of the experimental 
value of l^fiPj so that exact CKM unitarity is satisfied. See, for example. ISirlinI ( 19951 ). 



i) 4^^h generation. For a long time, the determination o f y^f_i iKtiP led to values s maller than unity by about 2a. 
This suggested the possibility of a fourth generation ( Marciano and SirlinI . 119861) and the derivation of an upper 



bound for Vut', where b' denotes the additional down quark. Since the current result (Ea. ([M)) ) is in excellent 
agreement with 3-generation unitarity, at present this test does not provide a signal for a fourth generation. 
Nonetheless, if a fourth generation exists, from Ea.(|M)) one finds \Vub'\ < 0.03 (90%CL), which is not very 
restrictive since \Vub\ — 4 x 10"'^. 

ii) Z' bosons. In some models with additional U{1) factors, the new Z' bosons have different couplings to quarks 
and lep tons and, consequently, giv e rise to EWC involving box diagrams that distinguish fi and semileptonic 
decays (jMarciano and SirlinI . I1987D . As a consequence, the experimental value of IKiiP is modified by a 



contribution that depends on the ratio Mz' /Mw, where Mz' is the Z' mass. The analysis leads to lower bounds 
for Mz' . Typically, they are of the order of a few hundreds GeV and a re not competitive with the bounds from 
direc t searches, precision electroweak data and Atomic Parity Violation . (Idel Aguila. de Bias, and Perez- Victorial 
I2OIOI: lErler and Langackeii I2OIOI: lErler. Langacker. Munir. and Roiasl . [20091), which are of 0(1 TeV). 

iii) Compositness. It is frequently discussed in terms of a residual four-fermion interaction with a coupling 1/A^, 
where A represents the composite mass scale. If we assume that the new interaction involves only particles of 
the same generation, it would affect f3 transitions but not muon decay. If we further assume that it is of the 
form of Eq.([3n|) with Gy/^/2 replaced by l/A^, G^/G^ = V^^ is modified to V^^{1 + 2v^/(GyA2)). Using 
Eq.([n2|) one then obtains the bound 2^/2Kd/(G^A2) < 9.7 x 10"'' or A > 16 TeV (90%CL). 
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iv) Left-Right Symmetry. In the "manifest" left-right symmetry models ( Beg. Budnv. Mohapatra. and Siriiiil . ll977t ). 



there are two small parameters: the mixing angle that relates the Wi and W2 mass eigenstates to the left 
and right handed fields Wl and Wr, and S = {1711/1112)'^ , where m; {i ~ 1,2) are the corresponding masses. 
Corrections linear in the s mall parameter S contribute to Gy and Gn , but cancel in their ratio. This can be 
shown using the results of iBeg. Budnv. Mohapatra. and SirlinI (1977). In particular, if terms of second and 



higher order in the small parameters C and S are neglected, one finds Gv/G^j, = (1 — QVud, with analogous 
shifts for th e other scn iilcptonic decays. (For other predictions in the manifest left-right symmetric model, see 
also iHolstein and Treiman (,19771) .') As a consequence, Ea. (|M|) becomes 

3 

^ \Vuj P = 0.99995 ± 0.00061 + 2C(Kd)^ . (97) 
Thus, CKM unitarity (Eq.dSS])) leads to 

C = (0.3±3.2) X 10"^ (98) 



K. Electroweak Corrections to Muon Capture 



The study of muon capture by nuc lei, ^, N Vu,N ' , has played an i mport ant r ole in the development of W eak 



Interaction Physics. See, for example, Primakofi (Il959 l). 'Mukhopadhvav l (Il977l). andlGorringe and FearinS ( 2004) . 

In 2007, the MuCap collaboration ([Andreev et al. (^^MuCap Collaborationl l2007t ) reported a precise measurement 
of the IS" singlet capture rate in hydrogen: 



. singlet 
'IS 



725.0 ± 13.7 ± 10.7s- 



(99) 



A major aim of the experiment is an accurate determination of the induced pseudoscalar coupling gp{q^) in the matrix 
element of the axial vector current between nucleon states: 



{n\Aa\p) = Un{p2) 



"1^ 



Upi.Pl) , 



(100) 



where q = P2 — Pi ■ On the theoretical side, PC AC (partially conserved axial current) and chiral perturbation theory 
predict (|Kaiseij (|2003[) and references cited therein): 



gp(g2)-8.2±0.2, 



(101) 



where q^ = — 0.88m^, as appropriate for n capture in H. Comparing Eg. ([99)) with the theoretical expression used 
at the time for the capture rate (which did not take into account the EWC), it was found that g'^^^iq^) = 6.0 ± 1.2, 

which is about 2(j below the prediction in Eq. (|10ip . 

In order to advance the theory of muon capture to a higher level of precision. ICzarnecki. Marciano. and SirlinI (|2007[ ) 
incorporated the EWC in the theoretical expression for the capture rates. They found that they enhance the capture 
rates for H and ■^Hc by 2.8% and 3.0%, respectively. It turns out that the gp values extracted by comparing the 
theoretical and experimental results are very sensitive to the effect of the EWC. In fact, in the case of H, when the 
EWC are included, the authors found 



5^(90) = 7.3 ±1.2 



(H), 



(102) 



an increase of g'^p^iq^) by about -|-22%! Furthermore, Ea. (|102p agrees, within the error, with the theoretical prediction 
of Ea. (|10ip . The implications of the EWC in the case of •^He capture, /x~ "^He — >■ v^H, were also analyzed. 



L. Electroweak Corrections to Neutrino-Lepton Scattering 

Bef ore th e adv e nt of the ST, the QED corrections to the process t'e + e — > i/g + e were studied bv lLee and SirlinI 
(I1964D and [Rami (1X9671) . After the emergence of the ST, neutrino-lepton scattering became a subject of special 
interest. Aside from the fact that they are fundamental processes, they provide instructive and interesting examples 
of scattering reactions in the Weak Interactions. In particular, their theory is relatively simple: at the tree level, they 
are not affected by the strong interactions and, at the one-loop EW level, they are less sensitive to strong interactions 
than vN and eA^ scattering, and -\- e~ f + f annihilation. 



24 



Including the EW and QED corrections o f 0(a). and using the MS scheme of r enormalization, the differential 
z^^ + e is given by ( Sarantakos. Sirlin. and Marcianol Il983[ ): 



cross-section for i/^ + e 



dz 



TT 1 



9" 



TT 



(103) 



where pi is the four-momentum of the incident neutrino, p2 and P2 the four-momenta of the initial and final electrons, 
= (P2 -P2)^ 



Pn.c. 



2(pi-P2) 



= 1 



47rs2 I 4s2 



'-^ 4 ^2 4-' 



ln(cVO 1 In? 



1 



27rs2 



— x) In 



19 7 



8 -r+''' 



3 



J2 (^3.Q* - 4s2g2) j^(g2) „ 2J,,(q2) +lnc Q - 7c^ 
?T!,^ — (7^a:;(l — x) 



c 1 c^. 

1 1- — 

3 2 62 



(104) 

(105) 

(106) 
(107) 

(108) 

(109) 

(110) 
(111) 



In these expressions terms of 0{aq'^ /M^) have been neglected. In this approximation, we see from Ea. (|105p that p^'q 
is independent of q^. It is also independent of the v and charged lepton fiavors. In contrast, k'"''''^ (g^) depends on q^. 
It also depends on the incident neutrino flavor via the term —2J^{q^) in Eq. (|108p (which arises from the 'V^ charge 

radius" diagrams). As in previous Sections, = 1 — = sin^ (cf. Eq. ljSS]) ') and = 1 — = siv? 9 w{Mz) (cf. 
Section IIIL^) . In Eq- PHS]) . a = a{Mz) ^ 1/127.9 is the MS QED coupling at scale ^ = Mz and ^ = Mjj/Ml. In 
Eq. ()108p . the sum is over the charged leptons and quarks (in the quark sector = 3^^^ where / denotes the flavors 
and the factor 3 represents the color degrees of freedom), and rrii, Qi and C^i arc the mass, charge (in units of the 
proton charge Cp) and twice the third component of the weak isospin of the ith fermion, respectively. In Eq. ()104p . E'^ 
and El, are the energies of the outgoing electron and the incident neutrino in the rest frame of the incoming electron. 
Thus, in that frame, z = T / E^, where T is the kinetic energy of the scattered electron. 

The expressions for k'^'^^'''' (g^) in Ea. (|108p and Ji{q^) in Ea. (|109p have been updated from the paper by 

{Mz) in Eas. (|106ll07p . while the 



ISarantakos. Sirlin. and Marcianol (|l983f ) to take into account the use of sin^ ( 
early work employed sin^ 9w{Mw) 



•w 



The functions f-{z), f+{z) and (z) in Ea. (|103p d escribe QED corrections. The two flrst functions have been 

evaluated analytically in the relativistic approximation (jSarantakos. Sirlin. and Marcianol Il983), assuming rUe/Ee, 

me/ Ey and me/(i5max — E^) 1 . Exact expressions for f~{z) and f+{z) can be obtained from iRanu ( 19671 ): f-\ (z) 

was evaluated exactly bv iPasser al (|2000D . However, these expressions are long and complicated, and are best treated 
using numerical tabulations. 



fj, + e ^ i/fj, + e, -| - e — > + e and t/p. -|- e — » + e are o btained from the 
case by making simple changes explained in ( Sarantakos. Sirlin. and Marcianolll983[ ). In particular, in 



The differential cross-sections for i/, 
v^ + e v^ + e 

z/g -|- e — 5- Ve + & there are two distinct classes of contributions, one involving the neutral currents as h\ v^ + e 
the other mediated by the W boson 

If the tree-level propagator factors (1 — q^ /M'^y)^'^ and (1 - q'^/Mz)^^ " /s.r2 

from Vfj, + e ^ + e to i>e + e ^ I'e + e the only changes are 



are ignored (i. e. if q^ /My^ <C 1), in passing 
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i) £-(9^) in Eq. (|106p is changed to 

e^{q') = l{l-k('^-'Hq')s')-^, (112) 

Pn.c. 

where c defined in Eq. ljlOSp . 

ii) £+(g^) in Ea. (|107p is changed to 

e+{q') = -k^'''-''\q^)s\ (113) 

iii) K('^=^')(g2) is obtained from K^'^f'''^ (q^) by replacing ~2J^j_{q^) -2Je{q^) in Eq. (jl08p . 

We note that the additional (— Pn c term in Ea. (jll2p reflects the tree-level contribution of the W mediated 
amplitude, and the change in (iii) arises from the "charge radius" diagrams that depend on the neutrino flavor. 

The results discussed in this Section have been applied to the stu dy of the electron recoil-energy spectra a nd the 
total cross-sections for neutrino-electron scattering by solar neutrinos ( Bahcall. Kamionkowski. and Sirlinl . ll995f ). This 



paper also presents simple modifications of the relativistic expressions for the QED functions f-{z) and (1 — z)'^ f^{z) 

so that they can be applied approximately in the non relativistic domain. An approximate expression for (z) (a 

function that had not been calculated previously) is also included. 

As mentioned before, the expressions in Eqs. (|103mi3p have been derived in the MS scheme of renormalization. If the 
analysis is carried out, instead, in the OS scheme, the expression for p^'c essentially the same as Eg. ljlOSp . except 
that s^, c^,and a are changed to s^, and a. On the other hand, the OS form factor k'^''^ ''^(g^) ([Marciano and Sirlinl . 
llQSOl : [Sarantakos. Sirlin. and Marcianolll983() that multiplies sin^ 9\y in the EWC, has a considerably more complex 
structure than the MS form factor k^"'^'''^ {q'^) given in Eq. ()108p . In particular, in 0{a), ^(''"''^(q^) depends on Mh, 
while K^'^^'''' (g^) does not. This more complex structure can be traced to the contributions of the counterterm 
(cVs^)Rc[Azz(M|)/M| - AwwiM^)/M^] present in ^(''^'^'^(g^) (we recall that Azziq^) and Awwiq^) are the Z 
and W transverse self- energies). 



M. Electron- Positron Annihilation 



Since LEP was an — e+ collider, the study of the annihilation process into fermion-antifermion pairs, + e+ — > 
/ + /, became a sub ject of great interest. 

An early paper bv lPassarino and Veltmaiil ( 1979[) examined the EW and QED corrections to e~ -I- e+ — )• /^^ + /^+. 
This paper also introduced a method to reduce one-loop tensor integrals to scalar ones, which has been frequently 
employed in the calculation of the EWC to several important processes. Since that time, detailed studies of 
EW, QED, and QCD correc tions to e~ -I- e+ — )- f + f were carried out by s e veral authors. See, for example, 
Ellis and Peccei. f eds. j| (Il986l) and refer e nces c it ed therein; Alexander et al. feds.) J 1988 ) and references c it ed th erein; 



Altarelli. Kleiss. and Verzegnassi (eds.)\ (Il989l); Bardin. Hollik. and Passarino (eds.) (|l9"95l) ; iKiihn fed^ ( 19891 ) and 
references cited therein. A paper by Degrassi and Sirlin ( 199lh analvzed the EWC to cross-sections, asymmetries 
and Z partial widths using both the On-Shell and the MS renormalization frameworks. The results of the partial 
widths and asymmetries for some final-state modes were then compar ed numerically with those obtained in the for- 
mulation of IConsoli. Hollik. and Jegerlehned (I1989D and|Holliy (ll990D . The corrections to the Zbb vertex involve a 



significant dependence, and played an im portant role in the indirect determination of the top quark mass be- 



fore the disco very of th is fundamental particle ( Akhundov. Bardin. and Riemannl . Il986l ; feeenakker and Hollikl . Il988t 
[Bernabeu, P ieh. and San tamaria. 199l]). 

The asymmetries measured at LEP and SLC are of special interest because they provide the most precise determi- 
nation of sin^ 6*^,^' (cf. Section llII.E[) . They include: a) the measurement at LEP of the forward-backward asymmetries 
Apg (for / = e, iJ.,T, s, c,b), the polarization asymmetry Pr in -I- — > + t+ and the forward-backward 
asymmetry Qp^ between positive and negative charge in hadronic Z-events; b) the measurements at SLC of the 
left-right e~-polarization asymmetry A^j^ and the combined forward-backward e~-pol arization asymmetrie s A^^ , 



separately analyzed for hadronic and leptonic final states. For a recent discussion, see lErler and Langackeil ( 2010l ). 
particularly Section 10.4. 

For a long time, there has been an intriguing difference, at the 3 a level, between the values of sin^ 0^°J?' derived 
from the leptonic and hadronic asymmetries. In fact, one finds (s^ff)/ = 0.23113(21) from the leptonic asymmetries 



(Ap'g, A°{Pr), AOp, Alr^) {1 = e,fi,T) and (4,),, = 0.23222(27) from the hadronic asymmetries (Ap'^, Qj^^f) 
{q = s,c, 6). Furthermore, the results within each group are in good agreement with each other. The intriguing 
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question remains of whether the difference between (s^jj); and (sffj/i is due to a statistical fluctuation or arises from 
new physics involving perhaps the third generation of quarks. The second scenario is difficult to implement because 
of the constraints imposed by the Z ^ bb branchin g ratio. In the first case, a possible approach to take into acc ount 
the difference is to enlarge the error, a s discussed bv lGurtuI (|1996[ ):Id egrassi, Gambino, Passera, and SirlinI (I1998D and 
iFerroglia, Ossola, Passera, and SirlinI (|2002h . Fo r example, if the sin^ 9l°f* error is increased by a factor [x^/D.O.F.]-'^/^ 
following the Particle Data Group prescription ( Barnett et al\ . \l99(^ . one obtains the value s^jj = 0.23153(25). The 
discrepancy discussed above is of particular significance for the indirect estimate of Mh, which is very sensitive to the 
precise value of sin^ 6l°f^ . Since this issue has not been resolved, the usual procedure is to employ the average value 
obtained from all the asymmetries. 



N. Estimates of the Higgs Boson Mass 

The Higgs boson is the fundamental missing piece of the ST. Thus, an important question is to what extent can 
Mh be estimated using the precision clectroweak data and the theoretical expressions for the relevant observables, 
which depend on Mh via EWC. In fact, such estimates may provide very useful information for explorations at the 
Large Hadron Collider (LHC), since one of its main objectives is the search for this fundamental particle. 

At the one-loop level, for large Mh, the dependence of the EWC on AIh is proportional to \n{MH /Mz) (cf. 
Eqs. (|68|69p ). a slowly-varying function^. Thus, precise calculations are needed! Theorists distinguish two classes of 
errors: a) parametric, such as SMyy, Ss'^^^, SMt, (5Aa|j^-* . . . ; b) uncertainties due to the truncation of the perturbative 
series (i. e. uncalculatcd higher order effects). As mentioned at the end of Section UlI.Fl estimates of the second class 
of errors are often obtained by comparing the evaluation of the EWC using different renormalization schemes. In the 
case when the expansion parameters are scale-dependent, as in the MS scheme of renormalization, errors of the second 
class are frequently estimated by examining the scale-dependence of the calculations. 

The comparison of the accurate experimental values of Mw and sin^ 9l°if^ with their theoretical calculations have 
been subjects of particular interest, since they provide important information about Mh- 

Over the years, a number of higher order EWC were incorporated in the theoretical calculations. Contri- 
butions of 0{a), 0(0^ Mz/Mw), and 0{a^\nMz/Mf) (where / is a generic quark or lepton) were ana- 
lyzed in the period 1979-84. Those of O {a'^ {Mt / Mw)"^) , 0{aas), and Oi aal(Mt/MwY) were studied from th e 
late 80's to the middle 90's. EWC of 0(a'^(Mt/Mw)'^) were evaluated bvjDegrassi. Gambino. and Vicinil 
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iDegrassi. Gambino. and SirlinI ( 19971 ): IPegrassi. Gambino. Passera. and SirlinT i 1998 ): Degrassi and Gambim 




(see also the references cited in those papers) 

Very simple analytic formula s for the theoretical calculation of sin'^ Ojl?^, M w, and the leptonic partial widths F; of 
the Z boson were presented by IFerroglia. Ossola. Passera. and SirlinI ( 20021 ). They reproduced accurately the results 



of the detailed calculations in the On-Shell, MS, and Effective Schemes (cf. Section PlI.Fp as functions of Mh, M, 

Aajf^ and a^iMz), over the range 20 GeV < Mh < 300 GeV. In particular, they incorporated the complete one- 
loop EWC, as well as the two-loop contributions enhanced by factors (M^/M^)" {n = 1,2) that had been studied 
previously. These simple formulas were applied to estimate Mh and its 95% C.L. upper bound M^ using either 
(Sott)oxp, (MvK)exp, or, simultaneously, (s^fjcxp, {Mw)ckp and (r;)exp as input parameters. 

An important advance has been the calculation of the complete two-loop contribution to Ar in the OS scheme 
of renormalizat ion. It includes the fermionic contribut i on, w hich involves diagrams with one or two closed 
fermion loops (iFreitas. HoUik^ Walter, and Weiglein . 200dl 2003) and the purely bosonic two-loop contribution ^ 



( Awramik and Czakonl 20021 : Awramik Czakon. Onishchenko. and Veretinl . 120031 : lOnishchenko and Veretinl . |2003[ ) 



Since Ar is the quantum correction in the relation of M^ with a, Gp, and Mz, this result provides directly the 
two- loop EWC in the theoretical calculation of Mw- 

Another important achievement has been the calculation, als o in the OS scheme, of t he com - 
plete two- loop EWC in the theoretical evaluation of sin^ 0^°^' ( Awramik. Czakon. and Freitasl . l2006al lbl: 



It is int eresting to note that the evalua tion of higher order corrections to the p parameter has a long history, starting with the 
paper of Ivan der Bii and VeltmanI |l983), where the cont ributions of 0{opM^') were obtai n ed. The important two-loop QCD an d 
EW contributions to the p parameter were evaluated by IChetvrkin. Kiihn. and Steinhauserl ||1995D ; iDiouadi and Verzegnassil | |1987D ; 
[Fleischer. Avdeev. and Tarasovl |l993). Later developments i nclude calculations, at the three- and four-loop levels, of pure EW and 
mixed EW and QCD corrections in the large Mu or Mt limits I Boughezal and Czakonl. l200alBoughezal. Tausk. and van der "Biill2005l : 
IChetvrkin et aLl. l200d iFaisst. Kiihn. Seidensticker. and Veretinl . |2003| : Ivan der Bii et a;l.l200lll 
® For clarity, we point out that in the recent higher order calculations Ar is introduced by the relatio n s^c^ = {na/ \/2G p M'^){1 + Ar), 
with Ar in the numerator, which coincides with the expression originally derived by ISirliiil l ll980al ). Of course, at the one-loop level, 
this expression and Eq.I|54|I are equivalent. 
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lAwramik. Czakon. Freitas. and Weigleinl . [2003 iHollik. Meier, and Ucciratil . [20051 l2006l [2007h . 

Simple analytic formulas that incorporate accurately the contribution of the one and two-loop EWC in the theo- 
retical calculations of Mw and sin^ 9l°f* as fun ction s of Mff, Mt, Act, a,^(Mz) and Mz, w ere given, respectively, by 
lAwramik. Czakon. Freitas. and Weigleinl ( 20041 ) and lAwramik. Czakon. and FreitasI ( 2006b() . 



Next, we illustrate the application of these accurate formulas to the estimate of the Higgs boson mass 
Mh and its 95% C.L. upper bound W e use as inputs Mw = 80.385(15) GeV (ILEP EWWCl 120121: 



iThe Tevatron E lcctrowcak Working Gr oupt |2012|) Mz = 91.1876(21) GeV (Section |TTLB|), Mt = 173.2(0.9) GeV 



(|The Tevatro n Elcctrowcak Wo rking Groupl. 1201 ll). sin^ 6*!°?* = 0.23153(16) (cf. Eq.dlll)), Aa = 0.05907(10) (cf. 



Eq.(l75|)), as{Mz) = 0.1184(7) (jPissertori and Salami . [2010) . On this basis, wc obtain the following estimates: 

= 98^21 GeV; Mf^ = 142GeV (A/vv + 4f) > (114) 

= 81^24 GeV; M]^^ = 131 GeV {Mw) , (115) 

Mh = 129+^^GcV; M|f = 226GcV (4f) , (116) 

Eq. (|114p was obtained by means of a analysis based on the theoretical expressions for both Mw and sin^ 9^°^^'" , while 
Eq. (|115p and Ea. (|116p were derived from the separate applicat ion of the Mw and sin^ 6>i°p* formu las, respectively. 

As a comparison, a recent standard global fit to the EW data (jBaak et al. fGfitter group)l . l201ll ) employs the inputs 
Mw = 80.399(23) GeV, Mz = 91.1875(21) GeV, Mt = 173.3(1.1) GeV, sin^ 6*^"^^ = 0.23153(16), Aa = 0.05899(10), 
as{Mz) = 0.1193(28), and derives the estimate Mh = GcV, M'^jf = 169 GeV (this last value includes the effect 

of the estimated theoretical error). 

Since the inputs in our calculations are somewhat different (particularly in the case of Mw for which we use a 
more recent and precise value) , for comparison purposes we repeat our calculation of Eq. (|114p employing the same 
inputs as in the global fit. This leads to Mh = 1031^6 GeV, M|? = 160 GeV, which can be compared with the 
values Mh = 96I24 GeV, M^ = 169 GeV obtained in the global fit with the same input parameters. Thus, we see 
that the estimates obtained by combining the theoretical expressions for Mw and sin^ are rather close to those 
obtained in the global fit, an observation that illustrates the importance and sensitivity of these two observables in 
the prediction of Mh and M'jf . 

We note that the central values of Mh in both Eq. pi4p and the global fit are well below the 95% C. L. lower bound 

(^^h)l.b. = 114-4 GeV, (117) 

inferred from the direct experimental searches of the Higgs boson at LEP and the Tevatron. On the other hand, the 
two Mh estimates are compatible with Eq. (jll7p when their errors are taken into account. 

In Section 1111. Ml we pointed out that, for a long time, there has been an intriguing difference, at the 3(t level, 
between the values of sin^ 9^°^'" derived from the leptonic and hadronic asymmetries, namely (s^ff); = 0.23113(21) and 
{^1tt)h = 0.23222(27). In order to illustrate the potential effect of this dichotomy, we give below the Mh and Mfj 
estimates obtained by using separately these values, as well as their combinations with the theoretical expression for 
Mw-- 

Mh = 54^33 GeV ; Mf = 117 GcV ((5^)/) , (118) 

Mh = 7ltll GeV ; Mff = 111 GeV {Mw, (4f)0 , (US) 

Mh = bUtlllGeY ; {{sl,)h) , (120) 

Mh = 117t^?GeV; Mf = 173 GeV {Mw, {sl,)h) , (121) 

We see that the estimates based on (s^^^)/, either by itself fEg. ljllSp ). or in combination with Mw fEq. (|119p ). are 
very low. In fact, at the la level, they disagree with {Mh)i^ h (Eq.(|TT7|)). We also note that M^ in Eq. (|118p is 
barely compatible with [Mh)]^ h ' while its value in Eq. (|119p is lower. Thus, in an hypothetical scenario in which the 
{^'is)i~{^'iit)h discrepancy were to settle on the leptonic side, for example by bringing the value of (s^,.,.)^ close to the 
present determination of (s^,.j)i, a serious discrepancy would arise between the Mh, Mfj estimates and {Mh)l.b.- 

In contrast, {s'^ff)h leads to considerably larger estimates of Mh and Mfj (cf. Eqs. (|120ll2ip ). Wc note that in 
Eq. (|120p we have not included the value of Alf^. The reason is that the range of validity of the simple analytic 
formulas is 10 GeV < Mh < 1 TeV, while their application to Eq. (|120p leads to a value of Mfj considerably larger 
than 1 TeV. 

Finally, we consider the estimates of Mh, Mf^ based on s^fj = 0.23153(25), the value obtained from the weighted 
average of (s^^j); and (s^jj)^ by enlarging the error according to the Particle Data Group prescription (cf. the discussion 
toward the end of Section IIII.Mp : 

Mh = I29tll GeV ; = 302 GeV (Slg) , (122) 

Mh = 90^22 GeV ; Mf = 137 GeV {Mw, sl^) . (123) 
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As expected, the central value in Ea. (jl22p is the same as in Ea. (|116p . but the errors and M'^ are larger. On the other 
hand, the central value and in Ea. (|123p are smaller than in Ea. (|114p . The reason is that the increased error in 
Sgjj gives greater weight to the Mw contribution, which fa vors sma l ler valu es of Mh and M^^. 

In February 2012, the ATLAS CoUaboration at LHC (jATLASl . l2012a[) reported that their combined search for 



the ST Higgs boson excludes the Mh ranges 112.9 - 115.5 GeV, 131 ~ 238 GeV and 251 - 466 GeV at 95% C.L.. 
Thus, subject to that exclusion, the still-allow ed domains a re 115.5 - 131 GeV, 238 - 251 GeV, > 466 GeV. On 
the same day, the CMS Collaboration at LHC (CM^, [20123) reported that their combined search excludes the Mh 



range 127 - 600 GeV at 95% C.L. and 129 - 525 GeV at 99% C.L.. Thus, subject to the 95% C.L. exclusion, the 
still-allowed regions are 114.4 - 127 GeV, > 600 GeV. At the same time, the ATLAS Collaboration reported an excess 
of events above the expected ST background around Mh ~ 126 GeV with a local significance of 3.5 ct, while the CMS 
Collaboration found an excess at Mh = 124 GeV with a local significance of 3.1 a. Both collaborations expect to 
collect a considerable amount of additional data in 2012 in order to ascertain whether the observed excesses represent 
real signals of the Higgs boson or they simply reflect statistical fluctuations of the ST background. For the moment, 
we observe that, when the 1 a errors are taken into account, the estimates in both Eq. (|114p and the global fit are 
compatible with a Higgs boson in the neighborhood of Adn = 125 GeV. 

There are also very interesting theoretical upper and lower bounds for Mh, Mniax(A) and M,„i,i(A), where A is 
the scale up to which the ST is assumed to be valid. A/max(A) is obtained from the requirement that the Higgs 
self-coupling does not exhibit a Landau pole bel ow A. Mmin(A) is obtained from considerations of vacuum stability. 
If A = Mp, Afmax(Mp) « 175 GeV (cf. .Bezru kov. Kalmvkov. Kniehl. and Shaposh nikov (.20121 ) and references cited 
therein). Since the recent Higgs boson searches at LHC exclude the range (129 — 525) GeV at 99% CL, this result 
indicates that, in the absence of new physics, the ST is a weakly coupl ed t heory up to Mp. Rece nt analyses of 
A/min(Mp) include iBezrukov. Kalmvkov. Kniehl. and Shaposhnikovl ( 2012t) and lElias-Miro et al\ ( 2012f ). The authors 



of the first paper find Mmin ~ 129 ±6 GeV, which overlaps with the allowed region in the recent searches. The second 
paper derives both stability and metastability bounds. For their central values, they find M^i^{Mp) = 130 ± 3 GeV, 
and M™f^'^^{Mp) = 111 ± 3 GeV. The metastability bound is derived by requiring that the lifetime of the electroweak 
vacuum is larger than the age of the universe. Combining the results explained above, and assuming that the Higgs 
boson is discovered in the range 115.5 GeV < Mh < 1 27 GeV currently allowed by the direct searches at the LHC, 
iBezrukov. Kalmvkov. Kniehl. and Shaposhnikovl ( 20121 ) conclude: 



a) a new energy scale between the Fermi and Planck scales is not necessarily required, 

b) in the absence of such scale, the EW theory remains weakly coupled up to Mp, 

c) the EW vacuum has a lifetime larger than the age of the universe. 

On July 4, 2012, the ATLAS (|ATLASl . l2012b[) and CMS (|CMSl . l2012bf ) collaborations at LHC announced the 



discovery at the 5cr level of a boson in the mass interval 124 — 126 GeV. There is a widespread belief in the Physics 
community that this is the long-sought Higgs boson. To ascertain whether this is the case, further analyses are in 
progress to determine whether the spin of the newly discovered particle is indeed as befits the Higgs boson, and 
whether its production and decay rates conform with the ST expectations. 

O. The Muon — 2 

The anomalous magnetic moment of the muon, = (g^ — 2)/2, is one of the most interesting and precisely measured 
observables in particle physics. In fact, since each sector of the ST contributes in a significant way t o its theoretica l 



prediction, the measurement by the E821 experiment at the Brookhaven National Laboratory (jBennett et 



I2OO2L |2004 [2006t iRoberti l2010l) . with a r emarkable precision of 0.5 parts per million, perm its to test the entire ST 



and examine possible new physics effects ( Czarnecki and Marcianol I2OOII : IStockingeil |2007[ ). It is important to note 



that even more precise measurements are planned at the Fermilab experiment P989 and J-PARC with anticipated 
errors that are smaller than the current one by factors of 4 and 5.4, respectively. 

The ST prediction of includes QED, electroweak (EW) and hadronic (leading- and higher-order) contributions: 
a^^ = aj^^^ -I- + aj^^° -|- a™*^. The QED contribution, computed to four loops and estimated to five^, currently 
stands at a^ED = 116584718.08(15) x 10~" (|Aovama et all l2008l l2010t lAovama. Havakawa. Kinoshita. and Niol . 



^ After this paper was submitted for publication, the calculations of the five loop contributions to and were completed 
llAovama. Havakawa. Kinoshita. and Niol l20123 ldl) . leading to aj?™ = 116584718.845(37) X 10~" and Aa^ = 260(80) X 10"". 
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2007 1 l2008allbl.l20ldl201lJ blfl l2012al lbl: lKataevl . [20061 iKinoshita and Nid . l2004 l2006allbl : iLaporta and Remiddil . fl993l 



1996 



Passerall2007^■ while the EW effects, suppressed by a factor (rriiJMwY, amo u nt to qEW ^ 154(2) x 10" 



( Czarnecki. Krause. and Marcianol ll995L 1 19961 : ICzarnecki. Marciano. and VainshteTnl . 120031 : Ibegrassi and Giudicd . 
I1998D . 

Recent calculations of the hadronic leading-order contribu tion, based on the hadronic e^e~ annihilation data . 



include: a^^'^ = 6949.1(42.7) x 10"" (jHagiwara et al\. I20TTI) 



^HLO 



6903(53) X 10~" (jJegerlehner and NvffeleJ . 



|2009| ). a^^° = 6923 (42) x 10~" (|Davier. Hoecker. Malaescu. and Zhan"9 . l201l[ ). The three results agree within errors. 
A recent analysis by lJegerlehner and SzafronI (I2OIID finds good agreement between the calculations based on the e+e 
annihilation and r decays data leading to a^^° = 6909.6(46.5) x 10^^^. 



The higher-order hadronic contribution is divided into two parts: a 



HHO 



,HHO 



(vp) 



,HHO 



(Ibl). The first one 



,HHO 



(vp) 



98(1) X 10~" (|Hagiwara. Martin. Nomura, and Teubne"rl . 120071 ). is the 0{a^) contribution of dia- 



grams containing hadronic vacuum polarization insertions. The second one, also of 0{a^), is the hadronic light- 
by-light contribution; since it cannot be derive d from data, its evaluat i on is based on spec ific models. Two of 
the most recent determinations, 116(39) x 10"" (jJegerlehner and Nvffeleil . 120091: iNvffelej . l2009f ) and 105(26) x 10~" 
( Prades. de Rafael, and Vainshteinl . l2009| ) are in good agreement. If one adds the latter to a?^^^ = 6949.1(42.7) x 10^^^ 
and the rest of the ST contributions, one obtains a^J- = 116591828(50) x 10~^^. The difference with the experimental 
value a^'^P = 116592089(63) x 10"" (|Robertsl . [2oToh is Aa^ = a^^P-a^"^ = 261(80) x 10"", i. e. -1-3.3 cr (ah errors have 
been added in quadrature). A somewhat larger discrepancy, 3.6 cr, is obtained if one employs aj^'"'-' = 6923(42) x 10"^^. 

It has been pointed out that Supcrsymm etry (SUSY ) may provide a natural explanation for the 3 — 4 cr discrepancy 
between a°^'^ and (for a review, see IStockingeil (|2007l) ). Assuming, for simplicity, a single mass Msusy for 
the supersymmetr i c part i cles that contribute to af^^^i one finds ( Heinernever. Stockinger. and Weiglein j_ 2004allb ; 
Ibrahim and Nathl . l200nl : E osower. Krauss. and Sakai 119831 : iMoroiL Il996r lYuan. Arnowitt. Chamsedine. and Nathl. 



19841 ) 



,SUSY 



sgn(/i) X 130 X 10" 



100 GeV 



SUSY 



tan j3 , 



(124) 



where tan /3 > 3 — 4 is the ratio of the two scalar vacuum expectation values and sgn(/i) the sign of the /i term in 
SUSY models. Assuming that a^^^"^ cancels the discrepancy, so that a^^^^ = Aa^, and using, for example, the value 
Aa^ = 261(80) x 10"", one finds sgn(/z) = + and 



MsusY ^ ntl^^ta^ GeV . 



(125) 



For tan/3 - 4 - 50, Eq. p^ leads to the very rough estimate 124 GeV < Msusy < 601 GeV. On the other 
hand, signals of supersymmetric parti cles have not been uncovered so far. Other new physics explanations of the 

discrepancy have also been discussed ( Czarnecki and Marcianol 2001 ). 

In an alternative approach, not involving new physics. iPassera. Marciano. and Sirlh] (|2008l [20091 12OIOI ) considered 
whether an increase in the hadroproduction cross section cr(s) in low-energy e+e" collisions, due to hypothetical 
experimental errors, could bridge the discrepancy. They found that this is unlikely in view of the current experi- 
mental error estimates. If, nonetheless, this turns out to be the explanation of the discrepancy, it has an interesting 
consequence: the increase in cr(s) also increases lS.a^^^{Mz) which, in turn, affects the estimate of Mh- The authors 
found that, in this hypothetical scenario, the 95% CL upper bound on the Higgs boson mass is reduced to about 
135 GeV which, in conjunction with {Mh)-lb = 114.4 GeV, leaves a narrow window for the mass of this fundamental 
particle. This window is slightly larger than the range allowed by the very recent LHC direct searches (cf. previous 
to last pararaph in Section fill. N[) . 



P. Atomic Parity Violation 

The interference of the electromagnetic and weak neutral current amplitudes leads to parity violating effects in 
atomic transitions that have been the subject of ingenious experiments and detailed theoretical studies. 

The pseudoscalar component of the electron-quark interaction, arising from the Z boson exchange at = 0, is 
usually expressed in the form 
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where the ellipses represent heavy-quark contributions {q = s, c, b, t). 

The C2i {i = u,d) are suppressed by a factor 1 — 4 sin^ ^i^(-^^z) — 0.075 that arises from the electron's vector 
coupling to the Z boson. Also, the Cu {i = u, d) terms are of primary importance for heavy atoms because they add 
up coherently over all quarks in the nucleus. As a consequence, parity violating effects are dominated by contributions 
proportional to the weak charge 



Qw{Z, A) = 2[{A + Z) Cxu + (2A - Z) C^] 



(127) 



where Z and A are the atomic and mass numbers of the atom. 

The dominance of the C\i (i = u, d) terms is also theoretically fortunate, because the corresponding hadronic 
currents are conserv ed and therefore are not affecte d by the strong interactions at q = 0. 

As pointed out bv lBouchiat and BouchiatI ( 19741) . parity violating effects in heavy atoms scale roughly as Z^ (one 
Z factor reflects the coherence effect in Qwj while the others arise from the electron wave function and momentum 
near the nucleus). 

Electroweak corrections of 0{ a) t o the Cm ari d C2i (i = u, d) coefficients were evaluated in the MS scheme by 
iMarciano and SirlinI (|1983L I1984D and|L^ (|1982D . 

For the dominant coefficients Cu (i = u,d), the two first authors expressed their results in the form 



Clu 



2 



^Id — 



~ -n'pyiO) Sin'' e{Mw) 
1- ^4v(0)sin2^(AV) 



(128) 
(129) 



The constants ppy and Kpv(O) contain the 0{a) EWC, which depend on Mt,MH, Mw and Mz, a nd are normalized so 
that ppv = Kpy(O) = 1 at the tree- level. The detailed expressions for ppy and Kpv(O) are given in lMarciano and SirlinI 



(Il983l.ll984l) A mo re recent version of these results, that employs sin 6w{Mz) instead of sin 9w{Mw), was presented 
bv lMarcianol (|l995f ). 

Measurements of atomic parity violation have been ma, d e in bi smuth, lead, thallium a nd ce sium (for reviews 
see iMasterson and WiemanI ( 1995() : iBouchiat and BouchiatI ( 19971 ): iGinges and Flambauml ( 20041 )). The most pre- 
cise so far have been measureme nts of Qw in cesium, at the 0.4 % level. The analysis of the data require s de- 
tailed atomic phy sics calculations (iBlundell, Johnson, and Sapirstein . 1995 : Porsev. Belov. and Dcrcvi ankol l2009l ) and 
QED corrections (jGinges and Flambauml . 12004 ). A recent result ( Porsev. Belov. and Dereviankg ,2009 ) is Qm^(Cs) = 
— 73.16(29)exp(20)th, in impressive agreement with the ST expectation Qw{Cs)s't = —73.15(2) (jErler and Langackeii 
I2010D . 

Qw is very insensit i ve to the T paramete r , and thus p rovides a direct probe of the S parameter, as emphasized by 



^ ^ s p : 

IMarciano and Rosneil (|l990[) and iMarcianol (|l99ll [l995l) (cf. Section [TlLTl 

Recently, sharp lower bounds on the mass of Z' bosons associated with interesting models beyond the ST have 
been derived from atomic parity violation measurements (jPiener. Godfrev. and Turanl . l201l[) The same paper also 
sets constraints on the Z' couplings. 



Q. Radiative Corrections in Flavor Physics: The b Case 

Over the years, flavor physics played a crucial role in shaping our understanding of the interactions of elementary 
particles. T he study of weak decays, including flavor and CP violating meso n decays, led physicists to discover the GIM 
mech anism ( Glashow. Iliopoulos. and Maianilll970t) and the CKM matrix (jCabibbol . Il963l : [Kobavashi and Maskawal 



19731) ■ both of which are essential elements in establishing the particle content of the ST. 

In recent years, flavor physics observables were measured with great accuracy at several experimental facilities. 
Currently, one of the experiments at LHC, named LHCb, is primarily devoted to the measurement of the properties 
of hadrons containing a bottom quark. A second forthcoming experiment at CERN. called NA62, will measure very 
rare decays of charged kaons. Two new super-B factories will be built in Frascati (Italy) and at KEK (Japan). While 
experiments at high energy colliders allow physicists to search for new physics beyond the ST by attempting to produce 
new particles, precise flavor physics experiments exploit the high luminosity of flavor factories in order to search for 
the effects of new physics in rare events. In this sense, the direct searches at high energy colliders arc complementary 
to the indirect searches at flavor factories, which are sensitive to energy scales as high as ^ 10^ — 10^ TeV. 

An extended description of all of the observables in weak decays goes beyond the scope of the present revie w; the 
i ntere sted reader can find a comprehensive introduction to this topic in the classic Les Houches lectures by iBurasI 
(I1998D . 3ere, we focus on a single representative example: the inclusive radiative decay of the B meson mediated by 



the partonic decay process b — > 57. There are three reasons for this choice: 
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i) As all flavor-changing neutral current (FCNC) processes, the 6 — 57 decay is a loop-induced process in the ST. 
As such, it is sensitive to new physics contributions, which can be of the same order in the coupling constants 
as the leading order contribution in the ST. 

ii) As will be shown below, inclusive decays are theoretically clean processes since they are not very sensitive to 
non perturbative effects and can be calculated with great accuracy within perturbation theory. 

iii) The measurements of this process, which was carried out at CLEO (Cornell), BELLE (KEK Tsukuba), and 
BABAR (Stanford), are very precise; in order to match the current experimental accuracy it was necessary to 
consider, in calculating the branching ratio, the effect of NLO and NNLO QCD correction, as well as the effect 
of NLO electroweak corrections. 

At the hadron level, the processes of interest are the inclusive radiative decays of B mesons into a photon and an 
arbitrary hadronic state of total strangeness — 1, J5 — )■ Xs7, where B denotes a or B~ meson, while Xg indicates 
an inclusive hadronic state not containing charmed particles. At the parton level, these processes are induced by a 
FCNC decay of the b quark contained in the B meson. The b quark decays into a photon and a strange quark plus 
other partons, collectively indicated by the symbol Xf'^"*'"'^. In the ST, such a decay first takes place at one-loop order 
through diagrams involving heavy particles; for example, through a triangle loop with two virtual top quarks and a 
virtual W boson. Such diagrams are now commonly referred to as "penguin" diagrams. 

In contrast with the exclusive decay modes, inclusive decays of B mesons are theoretically clean observables; in 
fact, it is possible to prove that the decay width T{B — > Xs^) is well approximated by the partonic decay rate 
r{b XP^''°"7): 

T{B Xs-f) = r{b Xr''°''l) + A"°"-P"''- . (130) 

The second term on the r.h.s. of Ea. (|130p represents non-perturbative corrections. The latter are small, since they 
are suppressed at least by a factor (Aqcd/"16)^, where rrib is the &-quark mass and Aqcd ^ 200 MeV. The relation 
in Eq. (11301) is known as Heavy Quark Expansion (r e views of this topic and on Heavy-Quark Effective Theory can be 



found in iNeubertl (I1993D and in iManohar and Wise! (|2000i )). 



The partonic process can be studied within the context of perturbative QCD. However, the first-order QCD cor- 
rections to the partonic process are very large. The large corrections originate from hard gluon exchanges between 
quark lines of the one-loop electroweak graphs. In general, Feynman diagrams involving different mass scales depend 
on logarithms of the ratios of these scales. If there is a strong hierarchy among the mass scales, then the logarithms 
are numerically large. In the case of QCD corrections to the partonic process b — )■ X|'^''*°"7, the mass scales involved 
are the Mw, Mt, and mf,. Mw and Mt are of the same order of magnitude fiw ^ 100 GeV, while the 6-quark mass is 
considerably smaller: mf, ^ 5 GeV. Consequently, one finds that as(mf,) ln(/i^/m^) ~ 1; therefore, the perturbative 
expansion is spoiled, and the large logarithmic corrections must be resummed to all orders. 

The easiest way to implement the resummation of the logarithms discussed above is to work within the context 
of a renormalization-group-improved effective theory with five active quarks. In such a theory, the heavy degrees of 
freedom involved in the decay under study are integrated out. By means of an operator product expansion, it is 
possible to factorizc the contribution of the short-distance and long-distance dynamics in the decay of the B meson. 
In the ST, the short-distance dynamics is characterized by mass scales of the order of the top-quark or VF-boson mass, 
while the long-distance dynamics is characterized by the 6-quark mass. The boundary between short-distance and 
long-distance is chosen at a low-energy scale fib, such that nib ^ ^ Mw- The scale fib is unphysical, and therefore 
physical quantities cannot depend on it: This fact is employed in order to obtain renormalization group equations 
(RGE) satisfied by the various factors in the calculation. The large logarithmic corrections are resummed by solving 
these RGE. 

The Lagrangian employed in calculating the b ^ Xf^^'^°'^^ decay rate can be written as 

C = CQEBmcBiu,d,c,s,b)+Y^^—^VtlVtbC^{f^,flw)Q^i^J■)+0\^^^ . (131) 

In the equation above, -Cqedi^qcd represents the usual QED and QCD Lagrangians with five active quark flavors, 
while Qi are eight effective operators of dimensions five and six. Operators with dimensions larger than six are 
suppressed by inverse powers of the VF-boson mass and are ignored. The short-distance dynamics is encoded in 
the "coupling constants" that multiply the effective operators, which are called Wilson coefficients and are indicated 
by Ci in Ea. (|131|) . The Wilson coefficients are the only elements of the Lagrangian which depend on the heavy 
particles m asses Mw and mt . The e ight eff ective operators Qi appearing in the Lagrangian in Eq. (|13ip are listed for 
example in iMisiak and Steinhaused (l2006b[ ). 



Any perturbative calculation of the b — )• X|"^''*°"7 decay rate within the context of the renormalization-group- 
improved perturbation theory applied to the Lagrangian in Eq. (jl3ip involves three different steps: 
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1. The first step, called matching^ consists in fixing the value of the Wilson coefficients at the high-energy scale 

~ Mty, mt- This is achieved by requiring that Green functions calculated in the full ST and in the effective 
theory provide the same result up to terms suppressed by the ratio between the external momenta and 
At the scale QCD corrections are free of large logarithmic corrections and can therefore be evaluated in 
finite-order perturbation theory. 

2. Secondly, once the value of the Wilson coefficient at the electroweak scale has been obtained from the matching 
step, it is then necessary to obtain the value of the Wilson coefficients at the low-energy scale /i^ ~ mt,. This 
can be achieved by solving the system of RGE satisfied by the Wilson coefficient. The RGE system has the 
following form: 

m|^C,(/.)=7,,(m)Q(m), (132) 

where the summation over j is implied. The matrix 7 in the equation above is the anomalous dimension matrix 
of the effective operators. The elements of the matrix have perturbative expansions in powers of Ug. Since the 
various operators mix under renormalization, this step of the calculation is called mixing. By solving the RGE, 
it is possible to resum the large logarithms of the ratio fj,w / fJ-b to all orders in as in the Wilson coefficients. 

3. Finally, it is necessary to calculate on-shell matrix elements of the partonic process in the effective theory. QCD 
radiative corrections to the matrix elements do not include large logarithms, since the dependence on the heavy 
degrees of freedom is completely encoded within the Wilson coefficients. 

Radiative decays of the B meson were first experimentally observed in the exclusive B — ^ if* 7 decay mode by 
the CLEO collaboration at Cornell in 1993. Nowadays, the branching ratio of the inclusive decay B — >■ Xg'y has 
been measured by sever al collaborations. The current world average, obtaine d by averaging the CLEO, BELLE, and 
BABAR measurements ( Asner et al. (Heavv Flavor Averaging GroupH201Cll ) is 



B{B^ XsjY^'^^j^^^ = (3.55 ± 0.24 ± 0.09) x lO"" . (133) 

In Eq. (|133|) . the first error is due to statistical and systematic uncertainty, while the second is due to the theoretical 
input on the 6-quark Fermi motion. In order to eliminate irreducible backgrounds, experimental collaborations impose 
a lower cut on the photon energy. The value in Ea. (|133p refers to a lower cut Eq = 1.6 GeV. 

The measurement in Eq. (jl33p has an experimental error of 7% and must be compared with an equally accurate the- 
oretical prediction within the ST. In renormalization-group-improved perturbation theory, N'^LO QCD calculations 
of this process involve the resummation of a" ln"~™(m^//ip^,) logarithms, as well as the evaluation of 0{a^) correc- 
tions to the Wilson coefficients at the scale and to the matrix elements. In order to obtain theoretically reliable 
predictions and to match the current experimental accuracy, it was necessary to evaluate both the NLO (i. e. m = 1) 
and NNLO (i. e. m = 2) QCD corrections, as well as the NLO electroweak corrections (i. e. ©(aa" ln"(m^//i^))). 

The fascinating history of the calculation of the radiative corrections to the B — >■ Xg'y process was recently re- 
viewed in detail bv iBuraa (|201l[) . The calculation of the LO QCD (i.e. m = 0) corrections in renormalization group 
improved perturbation theory was carried out in the period 1988-1993. An interesting technical feature of this cal- 
culation is that, in order to obtain the anomalous dimensions, one ne eds to evaluate two-loop F eynman diagrams 
already at LO QCD. Once these LO QCD corrections became available ( Cella. Curci. Ricciardi. an d Vicere, 1994a ,,b|: 



ICiuchini et all . Il993t ICiuchini, Franco. Reina. and Silvestrini Il994l ). it was pointed out that their renormalization 
scale dependence is very large ( Ali. Greub. and Mannel . 1993() : by varying fj,b in the range mi,/ 2 2mb, the pre- 



dicted branching ratio changed by ^ 60%! Consequently, the evaluation of the NLO QCD corrections was necessary 
(|Buras. Misiak. Miinz. and Pokorskilll994l) . 



The evaluation of the NLO QCD corrections was a challenging task involving several groups in the calculation 
of the matching, mixing, and matrix elements; it was completed at the beginning of the last decade. Comprehen- 
sive review s of this effort, al ong with co mplete l ists o f references to the contribution of the various groups, were 
written by iBuras and Misiak (|2002i ) and iHurthI (|2003|). It is worth emphas i zing that NLO determinations of the 
branching ratio include ele ctroweak effects of 0(a) (jBaranowski and Misiakl . I2OOOI : ICzarnecki and Marcian 3.fl998t 
iGambino and Haischl . boOll) . 

While the calculation of the NLO QC D and electroweak correction s considerably reduces the scale dependence of 
the B ^ Xg'y branching ratio in the ST. ICambino and Misiakl ( 200l[ ) pointed out that this calculation is affected by 



a ^ 10% theoretical uncertainty related to the choice of the charm quark mass in the two-loop matrix elements of the 
four-quark operators. Consequently, in order to reduce this uncertainty, an evaluation of the NNLO QCD corrections 
became neces sary. A first estimate of t he NN LO b ranching ratios, inclu ding all the numerically dominant effects, was 
completed bv lMisiak and Steinhause"rl ( 2006bl ) and lMisiak et al. I (l2006aD . Reviews of the NNLO calculation, including 
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referen c es to the contributions of various groups, can be found for example in iFerroglial (200^, iHaischl ( 20081 ). and 
iMisiakI (|201l[ ). 

One finds that the NLO QCD, NNLO QCD, and NLO clcctroweak contributions amount to approximately 30%, 
10%, and 4% of the LO QCD result, respectively. The predicted value in the ST was found to be 



ST 

' E^>l.e GcV 



(3.15 ±0.23) X 10- 



(134) 



which agrees with the world average of the experimental measurements within 1.2 cr. The error on the theoretical 
estimate is about 7% and was obtained by combining four different uncertainties in quadrature: parametric uncertainty 
(3%), uncertainty due to missing higher order corrections (3%), uncertainty du e to non-perturbative correction s (5%) , 
and uncertainty due to the mc-intcrpolation ambiguity in the calculation of iMisiak and Steinhaused (|2006bl . l2010l ) 
(3%). The result in Ea. (|134p is affected by a theoretical uncertainty which is approximately of the same magnitude 
as the experimental one . Additio n al per t urbative NNLO corrections to th e branching ratio were recently evaluated 
bv lAsatrian et al\ (|2010D . lEwerthl (|2008[ ). [Ferroglia and HaischI (|2010l ). and lMisiak and Poradzi^^ (|201ol ): although 



these corrections are not included in the calculation leading to Eq. (jl34p . their numerical impact is expected to be 
marginal. Additi onal work within perturbation theory is stil l required to eliminate the mc-interpolation ambiguity 
mentioned above ( Boughezal. Czakon. and Schutzmeieii |20Q7| ). 

The current theoretical error is dominated by the uncertainty associated to non-perturbative effects, estimated 
to be about 5% (iMisiak et al.. . i2006a) . The non-perturbative uncertainty p rimarily arises from co r rectio ns of 
OiasAocp/mb), which are ve r y diffi cult to evaluate; they were analyzed by iLee. Paz, and NeubertI ( 20061 ) and 
iBenzkeT Lee. Paz, and NeubertI (|2010l ). 

New physics contributions to the partonic process can modify the matching conditions for the Wilson coefficients 
of the operators in the low-energy effective theory and can also induce new operators besides those already present in 
the ST. Therefore, the good agreement between the ST prediction and the measured value of the B — )• Xgj branching 
ratio sets strong constraints on the parameters of some new physics models. For example, an analysis of the decay 
within the type II Two-Higgs-Doublet-Mo del leads one t o set a lower bound on the mass of the charged Higgs boson: 
Mh± > 295 GeV at 95% confidence level (|Misiak et a^l2006a^ . 



R. Unstable Particles 



In the early nineties, ISirlinI ( 1991al) found that the conventional definitions of the mass and width of the vector 
boson, namely 

M'^ = + Re A(Af 2) , (135) 

ImA(M^) 
^^ = " (l-ReA-(Af^)) ' 

where Mq is the bare mass, M is the on-shell mass, and A{s) the transverse self-energy, are gauge dependent in 
next-to-next-to-lcading order (NNLO), i. e. at the two and three- loop levels, respectively. By extension, analogous 
conclusions hold true for other unstable particles. This led to a serious theoretical problem because, in the context of 
gauge theories, a fundamental requirement is that physical obscrvables should be gauge independent. 

The original argument was based on the observation that the complex-valued position s of the propagator's pole 
must be gauge independent, since it is a singularity of the analytically extended S matrix. In the case of bosons, the 
inverse propagator is proportional to 

n(,s) = s - A/2 - A{s) , (137) 

where s = is the square of the four-momentum transfer. Thus, the pole position is 

s = Ml + A{s) . (138) 

Writing s = m\ — {1712^2, where m2 and r2 are real, gauge independent parameters, one has 

ml = + ReA{s) , (139) 
maPa = -lmyl(s) . (140) 



If one expands A{s) about ^^'^ retains only leading terms in P2, Eqs. (|139ll40l) lead back to Eas. (|135ll36l) . On 
the other hand, if terms of higher order in P2 are retained, the comparison of Eas. (|139ll40p with Eas. (|135ll36p show 
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that indeed and F are gauge dependent in higher orders. At the two-loop level, the analysis shows that the 
gauge dependence of occurs only in a restricted range of the gauge parameter ^ and, as a consequence, it is 
bounded. In fact, in a later letter. iPassera and SirlinI iim(t\ showed that the maximum shift in M due to the gauge 
dependence at the two-loop level is about 2 MeV. Although a small effect, it is of the same magnitude as the 2.1 MeV 
experimental error. However, at the three-loop level and higher, the gauge dependence is unbounded, so that M and 
r (cf. Eqs. (|135|136p ) are not only inconsistent with basic principles, but their numerical values depend in an arbitrary 
manner on the choice of ^. 

In fact, the comparison of the pole definitions of the mass and width {1112, T2) with the conventional ones (A/, F) 
leads to the conclusion t hat the gauge dependenc ies of the latter arc numerically very large, particularly in the case 
of a heavy Higgs boson ( Kniehl and SirlinI . 1 1998al lbl). 



At this stage, it is instructive to point out the conceptual difference between the gauge independent parameter 7712 
and the gauge dependent M^. While is the real part of the zero of the inverse propagator, A'/^ is the zero of the 

real part, an important difference.^ 

In a second 1991 contribution, ISirlinI ( 1991b( ) analyzed specific physical amplitudes and derived an independent 



proof of the need for additional higher order gauge dependent counterterms in Eq. p35p . a result that gives additional 
support to the arguments and conclusions of the first paper. 

It has also been emphasized that Eq. (|136p leads to serious unphysical singularities if A{s) i s not analytic in the neigh- 
borho o d of M^. This occurs when A/P is very close to a physical threshold, as discussed by Fleischer and Jcgerlchne 
(ll98lD:lBardin. Khristova and Vilenskv (,1991,1 ; .Kniehl (,199L .1992a .b. ,1991 ) : iBhattacharva an d Wil lcnbrock 



_^BHH^U_^H^HHH^^H^^HHHHHHri|-^HHHH--|^^^^Bp^ "* ■/ ' ' ^ ■ 11-^7 I ^ / ■ : V - ^ ^/ 7 

iKniehl. Palisoc. and SirlinI (|200a 120021) . or, in the resonance region, when the unstable particle is coupled to massless 



quanta, as in the cases of the W vector boson and unstable quarks. In particular, it has been pointed out that the 
on-shell mass of an unstable quar k has an unbounded gaug e dependence o f 0{as{S,g — 3)F), where is the gluon 



on-sheil mass oi an unstable quar k nas an unbounded gaug e dependence o 
gauge parameter and F the width ( Passera and SirlinI . Il998allbl : ISirih] . I1999D 



In order to solve the serious problems raised by the gauge dependence of M and F (cf. Eqs. (|135ll36p ). [Sirlinl ( 1991al ) 



proposed to define the mass and width of the vector boson by means of the gauge independent parameters 



mi^ Jml+rj; ri = — 141 
V m2 

As emphasized in the same work, the advantage of the {mi, Fi) definitions relative to the (7712, F2) is that mi and Fi 
can be identified with the mass and width measured at LEP. 

Formal proofs of the gauge independence of s and the gau ge dependence of M and F, based on the Nielsen 
i dentities that describe the gauge dependence of Green functions (lNielsenl . ll975[ ). have been presented in the literature 
(jGambino and Grassil I2OOOI : iGrassi. Kniehl. and SirlinI . I2001L \2Q(m . 

Applying the Nielsen identities to n(s,^fc) (cf. Eq. (|137p ). one finds 

(,s, a) = 2Ai(s, a)n(s, a) , (142) 

where we have indicated explicitly the dependence on the gauge parameters and Ai{s, £,k) is a complex, amputated, 
IPI, two point Green function of 0{g^) involving the gauge field, its BRST variation, and the gauge fermion. 
As s is the zero of n(s, ^k), it follows that 

n(s,a)=0. (143) 

Differentiating Eq. (|143p with respect to 0: 

^|:n (.-, ^k) + ^U (.-, a) = . (144) 

Eas. (|142ll43p imply that the second term on the l.h.s. of Eg. ([Til)) vanishes. As (d/ds) U{s, ^k) = 1 + 0{g^), Eq. pli)) 
leads to 

1=0, (145) 

which expresses the gauge independence of s. It is important to note that this conclusion is valid to all orders in 
perturbation theory. 

Instead, taking the real part of Eq. (|142l) : 

^Ren(s,a) =2[RcAi(s,a)Rcn(s,efc)-ImAi(s,a)Iinn(s,efc)] . (146) 
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Recalling that the on-shell M"^ is the zero of the Ren(s,^fc), it follows that 

Ren(M2,a-) = 0. (147) 
Differentiating Eq. (|147p with respect to and using Eas. (|146ll47p . one obtains 



-Re^'(M^efe)-2ImA^(M^a)Im^(A^^a) = 0, (148) 



where the prime stands for derivative with respect to Af^. Noting that Ren'(Af^,^fc) = 0(1) and that both 
ImA,(M2,^fe) and Im(Af^^fc) are ©(g^), Eq.([T151) implies that d M^/d^ i = 0(q'^) - Thus, AP is gauge dependent at 
the two-loop level, i. e. in NNLO, the same conclusion reached bv lSirlid (Il991allbf ). 

Similarly, for the conventional expression of the width (cf. Eq. (|136P ). a somewhat lengthier derivation leads in 
leading order to 



^imn(iw^efel 



2{lmA,(A/2,a)[lmn(M2,a)]'}' + 0(/), (149) 



where d/d£,i stands for the total derivative with respect to Since ImA; and Imll are both of 0{g^), Ec 
implie s that Ea. p36p is gauge dependent in 0{g^), i. e. in NNLO, in agreement with the earlier conclusions (jSirlir 
Il991al lhh. 



S. Renormalization of the Cabibbo-Kobayashi-Maskawa Matrix 



An important problem ass ociated with the Cabibbo-Kobayashi-Mas kawa (CKM) matrix (ICabibbol . Il963l : 
iKobavashi and Maskawal Il973| ) is its renormalization. An early analysis ( Marciano and Sirlinl . Il975b[ ) focused on 



the renormalization of ultraviolet (UV) divergences in the two-generation case. Since the CKM matrix is one 
of the fundamental cornerstones of the weak interactions and, by extension, of the ST, it is important to de- 
velop renormalization schemes that treat both the finite and divergent contributions with well-defined renormal- 
ization conditions. Over the last two decades several papers have addressed this basic problem at various levels of 



generality and complexity: Denner and Sack ( 


1990l): Kniehl and Pilaftsid (Il996l): Gambino. Grassi. and Madricardol 


(|l999f): Kniehl. Madricardo. and Steinhausei 


(2000): Barroso. Brucher. and Santod (2000): Yamada ( 


20011): 


Diener and Kniehli (,200lD: iPilaftsis 


(20021): EsDriu. Manzano. and Talaveral (|2002|): IZhoul (l2003l 20041): Liaol ( 


200i; 


Denner. Kraus. and RothI t004: Kniehl and Sirlinl (2006allbl. 20091): Almasv. Kniehl. and Sirlinl ( 


2009D. 



The main difficulties in the CKM renormalization arise from external-leg mixing self-energy corrections, 
stance, for an outgoing quark, these EWC are of the form 



AA^;:f = s,(p)E,,,(;5) 



1 



For in- 



(150) 



where i denotes the outgoing quark of momentum p and mass nii, i' the virtual quark of mass m,', and Yju' {]/)) the 
self- energy. 

In the following, we outline the strategies followed in two of the most recently proposed on-shell schemes to rcnor- 
malizc the CKM matrix at the one-loop level. 



A) Using a simple procedure based on Dirac Algebra, iKniehl and Sirlinl (j2006al lbl) separated the contributions 
to Yiiii (^) / [i) — mil) into two classes: 1) gauge independent self- mass (sm) contributions proportional to (^ 
— nii')~^ with a cofactor that involves the chiral projectors a± = (1 ± 75)/2, but not ^ 2) gauge dependent 
wave- function renormalization (wfr) contributions in which the virtual quark propagator (^ — mi')~^ has been 
canceled. Furthermore, using the unitarity relation VimVXn — ^in satisfied by the CKM matrix elements Vim: 
one finds that the wfr have an important property: all the gauge dependent and all the UV-divergent wfr 
contributions to the physical amplitude W — ^ qtqj depend only on an overall factor Vij and the external quark 
masses rrii and m^, a property shared by the one-loop proper vertex contributions. This leads to the cancellation 
of the gauge dependence and UV divergence of the wfr contributions to W ^ qi + qj with those arising from 
the one-loop vertex corrections, exactly as in the unmixed, single generation case! 



The renormalization of the sm contributions is implemented using the mass countcrtcrms 



(151) 



36 



where U{D) stands for the up (down) quarks, and Sm'^'^^'' are non-diagonal matrices subject to the hermiticity 
condition (5to'3(+) = (Jm'^'^^^. 

The UV-divergent sm contributions obey the hermiticity condition, so they can be canceled by the 6m'^^^^ in 
all a' channels. However, this is not the case for some of the finite parts. For this reason, the authors used 
a specific renormalization prescription: the Sm^^^'^ were adjusted to cancel the full sm contributions in all 
diagonal (i — i') channels, as well as the wc, ut, ct channels for the U quarks and the sd, hd, bs channels for the 
D quarks. This implies that there are residual sm contributions in the reverse cu, tu, tc, ds, dh, sb channels, 
but they are finite, gauge independent and very small. In fact, since these residual sm contributions converge 
in the limit mi> — > nii, they may be regarded as additional finite and gauge independent contributions to wfr 
that happen to be small. An attractive feature of this renormalization prescription is that the external-leg sm 
contributions are fully canceled when the external particle is u, d, u or d quark, a very useful property since Vud 
is by far the most precisely determined CKM matrix element (cf. Eg. ([TO]) ). 

The reno r malization p rocedure outlined above presents interesting similarities with the approach followed by 
iFevnmaiil ( 19491 [1962I) in Quantum Electrodynamics (QED). Thus, it may be regarded as a generalization of 



Feynman's approach to the case in which the self-energy 'Eai (j)) contains non-diagonal, as well as diagonal 
components. 

In the same work, iKniehl and SirlinI (l2006al lbl'l showed that an equivalent and interesting formulation of the same 
renormalization scheme is obtained by diagonalizing the complete mass matrix m — Sm'^^^^a+ — SniP'^^^ a- 
(m is the diagonal, renormalized mass matrix) by biunitarity transformations acting on the up and down 
quark spaces. This procedure generates an explicit CKM counterterm matrix 5V , which automatically satisfies 
the following important properties: it is gauge independent, preserves unitarity in the sense that both the 
renormalized and bare CKM matrices V and Vq = V — SV are unitary at the one-loop level, and leads to 
renormalized amplitudes that are non-singular in the limit in which any two quarks become mass degenerate. 
In this alternative formulation, the off-diagonal UV-divergent sm contributions are canceled by 6V while, as 
usual, the diagonal sm contributions are canceled by the mass counterterms that are also diagonal. 

The renormalization scheme outlined above has been generalized to the case of an extended lepton s ector that 
includes Dirac and Majorana neutrinos in the framework of the seesaw mechanism |Almasv. Kniehl."and Sir 
120091) . 



B) A second on-shell renormalization scheme ( Kniehl and SirlinI . l2009t ) is based on explicit mass counterterm ma- 
trices 

Sm% = <5m^/+'a+ + Sm'^^-^a. {Q = U,D), (152) 

where Smf^^~^^ and mf^!^ ^ arc defined in terms of the Lorentz-invariant self-energy functions and obey two 
important properties: (i) they are gauge independent and (ii) they automatically satisfy the hermiticity condition 
^TO^/+^ = m^^^^ of the mass matrix. The second property implies that they can be applied directly to all 
diagonal and off-diagonal amplitudes and, in this sense, they are "flavor-democratic" since they do not single 
out particular flavor channels. As in the case of scheme A), diagonalization of the complete mass matrices leads 
to a gauge independent CKM counterterm matrix 6V that preserves unitarity and now satisfles another highly 
desirable theoretical property, namely "flavor-democracy" . 



T. S, T, and U Parameters 

"New physics", i. e., physics beyond the ST, may contribute to EWC. If the new physics is associ- 
ated with a high-mass scale and contributes mainly to the self energies, the idea ha s been proposed to 



param etrize its contributions in terms of thre e amplitudes, S, T, a.nd y , introduced by Peskin and Takeuchil 
(|1990D. See alsolLvnn. Peskin and StuartI (Il986l): [Holdom and Ternind (|1990D: [Kmnedv and Langackeil (Il990l. ll99lD 



lAltarelh and Barbieril (|l99ll ): IColden and Randall! (|l99ll ): iPeskin and Takeuchil (|l992h 
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In the MS scheme we have (|Marcianol Il99ll Il995l: iMarciano and Rosneil . Il990l : ISirhnl . Il993l Il994al ): 



Af = (Af) 



a 



ST " 



:Sz - aT , 



■Sz 



a 



Azz {Ml)-Azz (0) 



aT - 



Ml 



J MS 

-| new 

Aww (0) 



Mir 



J MS 



Awwi'^) Azz{0) 



Ml 



MS 



(153) 
(154) 

(155) 

(156) 
(157) 



I,, the A- f unctions are the unrenormahzed self energies defined according to the conventions of 
Im arciano and SirhnI (|1980D . MS means that the MS renormahzation has been implemented and /i = Mz chosen, 



and "new" denotes new physics contributions. In Eqs. (|155I156P . we have applied the MS renormalization prescription 
for di{Mz) and sit? 6w{Mz) proposed bv lMarciano an d Rosnc^ (ll99Cll ). which excludes new-heavy-physics contribu- 
tions in A^™{q^) and A^^™{q^). Consequently, these two self-energies are not included in the definitions of Sz and 

Sw- We recall that = 1 — = sin^ 9w{Mz) is the MS electroweak mixing parameter evaluated at the scale /j, = M^, 
Af and Afiy arc the EWC in Eg. ((57)) and Eq. (|55)) . respectively (cf. Section UlLPp . while (Af)sT and (Afv^)sT are 
their values in the ST. a is the MS fine structure constant at /i = Mz (cf. Section UlI.Ep . 

Alternatively, one defines S = Sz, U = Sw — Sz- T and U are primarily sensitive to isodoublet mass splittings 
(generally, U <^T), while S probes contributions from mass-degenerate fermion doublets. 

In conjunction with Eqs. (|57l58p . the modifications of Af and Afw displayed in Eqs. (|153ll54p . induce the linear 
shifts 



(^^)ST + 



Mw = (Mw) 



ST 



4(c 



1 + 



[S-4s^c^T] , 



ac 



2(c2 



-T 



4(c2 - s2) 



S 



(158) 
(159) 



where EWC of 0{a'^) have been neglected. 

Combining Eq. (|158p and Eq. ()159|) . one can solve for Sw- 



— TT'S'iv = 2_B -|- C , 
4s^ 



where 



B = 



Mw 



iMw)sT 

In the case U = 0, i. e. Sw = Sz ^ S, we also have 



- 1 



(J2) 



- 1 . 



ST 



(160) 



(161) 



(162) 



where we have neglected a second-order term {{s"^) gj, / in the r.h.s. of the equation. In Eqs. (|158m62|) . {Mw) 



ST 



and 



)g,j, are calculated using the EWC of the ST (cf. Section fllLNp and a chosen reference value for Mh, while 
Mw is identified with the measured mass of the VF-boson. In turn, jg evaluated using the experimental value of 
sin^^^jP', obtained from the Z-pole asymmetries, and applying Eg. ((65)) . 

In order to obtain the dependence of the neutral current observables on S and T, one expresses the corresponding 
amplitudes in terms of G_f and the ST EWC evaluated at the chosen reference value for Mh, multiplies them by 
^^Q^ncw = X -I- aT, and inserts the expression for given in Eg. ()158p . In particular, the weak charge QwiCs) , 
measured in atomic parity violati on, is very insensitive to T and thus provides a direct probe of S ( Marciang . Il99ll 

119951 : IMarciano and RomCTl ll990l). 

A recent global analysis ( Baak et al. (Gfitter groiipl l201l) ) employs the reference values Mn^rct = 120 GeV and 
Mt ref = 173 GeV and obtains 



5* = 0.04 ±0.10; r = 0.05 ±0.11; C/ = 0.08 ± 0.11 , 



(163) 
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while, assuming [7 = 0, the resuhs are 



S\u=o =0.07 ±0.09; 



T\u=a =0.10 ±0.08. 



(164) 



We see that the results in Ea. (|163p are in good agreement with the ST predictio ns S = T = U = 0. By com parison, 
a fourth generation of mass-degenerate fermions leads to S* = 4/67r « 0.21 (cf. iBertolini and SirlinI (|l984[ )). while 
technicolor models roughly cont ribute S ^ (0.05 to 0.10) A^t^d +0-12, where Nt and Njy are the number of technicolors 
and isodoublets, respectively ()Marciancil Il995l) . Therefore, for one generation with Nt = Njj = 4 one expects 
S ~ 0.9 to 1.7, values significantly larger than the S result shown in Eq. (|163p . 

An alternative formulation of the S, T, U analysis is based on the {i = 1,2,3,6) parameters, de- 

fined in terms of the physical quantities Mw, T/, A^l,, and Thj. (lAltareUi . 19931 : lAltarelli and Barbieril Il99lt 
lAltarelli. Barbieri. and Caravaglioslll993al lbl: lAltarelli. Barbieri. and Jadach . 19921 )! 

The applications of the 5, T, and U formalism have focused mainly on "new physics" fermionic contributions 
to the self-energies. On the other hand, "new physics" bosonic contributions are al s o of g eneral interest. How- 
ever, this poses a theoretical problem: as pointed out bv iDegrassi. Kniehl. and SirlinI ( 19931) . in contrast with the 
fermionic case, the bosonic contributions to the S, T, and U parameters, defined in terms of the conventional self- 
energies (cf. Eqs. (|155m57p '). are gauge-dependent in the ST; furthermore, T and U are divergent unless a constraint 
is imposed among the gauge parameters. It is natural to expect that the same theoretical problems arise i n the 
bosonic "new physics" contributions. In order to circumvent this problem, IDegrassi. Kniehl. and SirlinI (119931) pro- 
posed to replace the conventional self-energies in Eqs.(|155m57l) by their pinch-techniqu e counterparts ( Cornwalli 198ll 
Il982l : ICornwall and Papavassilioui Il989l : IDegrassi and Sirlii]. . ,19921 : iPapavassilioul Il990l ) , which are gauge- independent. 
Thus, this modification leads to a gauge independent formulation of S, T, and U in the bosonic sector. 



U. Supersymmetry 

In Section fill. Tl we pointed out that a recent global fit leads to values of the S, T, and U parameters that are in 
good agreement with the ST expectations S = T = U = 0. Thus, at present, the analysis of the precision electroweak 
data does not lead to clear signals of new physics beyond the ST. 

However, there are powerful theoretical arguments that strongly suggest the presence of new physics. The most 
obvious one is that the ST does not incorporate gravity, one of the fundamental forces of nature. In fact, the 
unification of gravity with the ST in particular, and Quantum Mechanics in general, is one of the most important 
unsolved problems in theoretical particle physics. At present, there is a widespread belief among theorists that String 
Theory provides the most hopeful framework to achieve this major goal. On the other ha nd. Str i ng Th eory leads to a 
landscape with an enormous number of possible vacua (|Bousso and Polchinskil [2000; S usskin dl. l2003D . without clear 



selection criteria, except perhaps for anthropic arguments. 

Another powerful argument, involving radiative corrections (RC), is the Higgs boson mass hierarchy problem. This 
involves the important fact that the RC to are quadratically divergent. Thus, the relation of the physical, 
renormalized mass Mh, and the bare mass M]^, is of the form 

Mfj = (AfO )' + O {X,g\hl) A^ + . . . , (165) 
where g is the SU(2)i gauge couplings, A the quartic Higgs self-coupling, hp = mf/v, ruf the mass of fermion 

1 /2 

/; u = (I/V^Gf) = 246 GeV the vacuum expectation value of the Higgs field, and A the cutoff introduced to 
regularize the ultraviolet (UV) divergence. The second term in Eq. (|165p is the quadratically divergent part of the 
self- mass RC and the ellipses represent In A contributions as well as finite terms^''. 

Within the ST, the presence of the 0(A^, In A) + • • • terms in the r.h.s. of Eq. (|165p does not cause difficulties: as in 
all renormalizable theories, they are canceled by the divergent part of the mass counterterm -SM'^ = {M^Y-Mjj. In 
such an approach, [M^)'^ and the RC are regarded as unobservable quantities and only has a physical meaning. 
However, if we assume that the ST is embedded in a larger theory that cuts off the momentum integral in the RC 
at its own finite scale, A acquires a physical meaning. Specifically, A in Eq. (|165p is then identified with the scale of 
the new physics. For example, if the new physics beyond the ST is gravity, A is identified with the Planck mass: 
A = Mp = G-^^"^ = \.2T1\ X 10^^ GeV, where Gn is Newton's gravitational constant. 



Rules of correspondenc e between the po les' positions in dimensional reguiarization and UV cutoffs in four d imensional calculations with 
L loops were stated bv IVeltmanI l|l98lh for quadratic divergences, and derived bv lOssola and SirlinI |2003), on the basis of a heuristic 
argument, for quadratic and higher divergences. 
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To illustrate the effect of these considerations on Ea. (|165|) . we consider a leading quad ratically divergent contribution 
to the RC arising from the diagram H — > top loop — ?> H. Employing Eq.(8.6) in iLangackeil ( 20101 ) with rrit = 
173.2 GeV and v = v ^ 246 GeV, we find that this diagram contributes w —3.8 x 10~^A^. Using the gravity scale, 
A = 1.221 X 10^^ GeV, one obtains a RC ~ —5.6 x 10'^^ GeV^. Since, in absolute value, this is enormously larger than 
the expected value of M^, there must be an extraordinarily fine-tunded cancellation between [M^)"^ and the RC. As 
an illustration, if we assume Mh = 125 GeV, the level of the required fine-tuning is 

(M° )^ - 5.6 X lO^^GeV^ ^ (125)^ ^ 33 
5.6 X 1036 GeV^ 5.6 x lO^e 

namely 3 parts in lO^^! Such fine-tuning is generally regarded as unnatural. On the other hand, if we demand a 
relatively small level of fine-tuning, the same RC employed before leads to a value of Mh rather close to A. For 
example, if we assume that the level of fine-tuning is 10%, we have Mh = 0.75 x 10^® GeV « Mp/16. This is usually 
referred to as the hierarchy problem. Namely, assuming a relatively small level of fine tuning, the quadratically 
divergent RC push the value of Mh from the clectroweak scale to a value within an order of magnitude of the 
gravitational scale. 

The same problems occur when one considers the RC to the vacuum expectation value of the Higgs field (0|i/|0): 

v'' ^vl + 0{X,g'',hl)K^ + --- , (166) 

where v = 246 GeV defines the clectroweak scale. Again, if A = A/p, very large RC emerge, so that an unnaturally 
fine-tuned cancellation between and the RC must take place. On the other hand, if one demands a relatively small 
level of fine-tuning, the value of the weak scale v moves close to Mp. 

One frequently invoked solution of the Higgs boson mass hierarchy problem is TeV scale supersymmetry. As is well- 
known, this theory, based on elegant symmetry principles, postulates that every fcrmion (boson) particle has boson 
(fcrmion) supersymmetric partners with the same quantum numbers and masses. Since mass-dcgencratc partners of 
known particles have not been found, it is clear that in nature supersymmetry is broken. 

A very important property of supersymmetry is that the quadratically divergent RC to M^ arising from the fcrmion 
and boson loops cancel each other, leaving only much smaller supersymmetry-breaking contributions. Thus, if TeV 
scale supersymmetry is an approximate symmetry of nature, such cancellation would provide an elegant solution to 
the Higgs boson mass hierarchy problem, based on fundamental symmetry principles. 

In fact, over the last several years, supersymmetric scenarios such as the Minimal-Supersymmetric Standard Model 
(MSSM) have emerged as leading candidates for theoretical frameworks beyond the ST. It involves five Higgs bosons: 
two neutral CP-even scalars h and H {Mh < Mh), one neutral CP-odd pseudoscalar A, and one charged pair H^. 

An interesting property is that, at the tree-level, Mh < Mz, which is ruled out by direct searches at 95% CL. 
This is also in contrast with the ST, where there is no tree-level upper limit on Mh, except for perturbativity and 
unitarity bounds. On the other hand, for large stop masses, there are sizable RC, dominated by top a nd stop loops . 



,op loops . 



that significantly increase the upper bound for Mh- At present, the analysis yields Mh ^ 135 GeV ( Haber 
Thus, we see that RC indeed play a crucial role in ensuring the phenomenological consistency of the MSSM. 

In the MSSM, supersymmetric contributions decouple if the superpartners' masses are much larger than Mz- In 
that regime, the fits are of the same general quality as in the case of the ST. If some of them are of 0{Mz), the fits 
are worse, leading to constraints in the MSSM parameter space. 

Another important result of supersymmetry is that the unification of gauge couplings is much more successful when 
they are extrapolated using the MSSM /3 functions, with the couplings intersecting at Mqut ^ 3 x 10^^ GeV, than 
when employing the ST /? functions. On the other hand, at present the agreement is not perfect: using a{Mz) and 
SIT? 9w{Mz) as inputs, one finds the prediction as{Mz) ~ 0.13, which is slightly larger than the observed value 
«0.12. 

As discussed in Section IIII.Ol the possible contribution of supersymmetric partners of low mass may provide a 
natural explanation for the ^ 3.5 a discrepancy between the experimental and ST values of = (g^; — 2)/2. 

Notwithstanding the impressive successes of supersymmetry, it is important to remember that the existence of 
supersymmetric partners, its most direct and compelling prediction, has not been established so far. 

It is also important to note that a much more egregious hierarchy problem emerges in the analysis of the cosmological 
constant Ac = SttGnP, where p is the vacuum energy density of the universe. Assuming that the observed acceleration 
of the universe is due to Ac, the observed vacuum energy density is p = 0(10^^^ GeV"'), while estimates of the 
contribution to p of elementary particles range roug hly from 0{TeV^) in TeV supersymmetry to O{{10^^ GeV)'') = 
0(10^6 GeV'') if the UV cutoff in the quartically divergent integrals is identified with Mp. Thus, there is mismatch 
of roughly 59 to 123 orders of magnitude between the estimates of Ac from particle physics and the observed value! 
This implies that a cancellation between the bare cosmological constant Ac and the contributions from elementary 
particles would require an extremely large and unnatural level of fine tuning. At the moment, it seems that there are 
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no compelling explanations for the observed value of Ac, based on fundamental principles. In their absence, anthropic 
arguments are sometimes invoked: namely, the value of should be i n the relatively small range that allows the 
formation of galaxies, a crucial requirement for the existence of life itself ( Weinbergl . ll989| ). Such anthropic arguments 
may serve, for example, as a selection criterion to choose among the multitude of vacua in the string landscape. 
Nonetheless, if a more fundamental explanation of the observed value of Ac is not found, it seems clear that the 
requirement of natural fine-tuning faces a great challenge in the Ac hierarchy problem. 



Acknowledgments 

The authors arc indebted to W. J. Marciano and M. Passera for very interesting observations and valuable in- 
formation. They also like to thank Fern Simes for her help in the preparation of the manuscript. The work of A. 
Sirlin was supported in part by the National Science Foundation Grant No. PHY-0758032. The work of A. Ferroglia 
was supported in part by the PSC-CUNY Award N. 64133-00 42 and by the National Science Foundation Grant No. 
PHY-1068317. 



References 

Abers, E.S., D.A. Dicus, R.E. Norton, and H.R. Quinn, 1968, Phys.Rev. 167, 1461. 
Abers, E.S. and B. W. Lee, 1973, Phys.Rept. 9, 1. 

Abers, E.S., R.E. Norton, and D.A. Dicus, 1967, Phys.Rev.Lett. 18, 676. 
AdemoUo, M. and R. Gatto, 1964, Phys.Rev.Lett. 13, 264. 

Aitchison, LJ.R. and A.J.G. Hey, 2003, Gauge Theories in Particle Physics, (Taylor & Francis Group, New York, NY). 
Akhundov, A.A., D. Y. Bardin, and T. Riemann, 1986, Nucl. Phys. B276, 1. 
Alexander, G., et al. (eds.), 1988, Polarization at LEP. (Vol. I), (CERN 88-06). 
Almasy, A.A., B.A. Kniehl, and A. Sirlin, 2009, Phys.Rev. D79, 076007. 

All, A., C. Greub, and T. Mannel, 1993, in Proc. of ECFA Workshop on a European B-meson Factory, edited by R. Aleksan, 
and A. Ah. 

Altarehi, G., 1993, Lect.Notes Phys. 426, 323. 

AltareUi, G. and R. Barbieri, 1991, Phys.Lett. B253, 161. 

AltareUi, G., R. Barbieri, and F. Caravaglios, 1993a, Nucl.Phys. B405, 3; 

AltareUi, G., R. Barbieri, and F. Caravaglios, 1993b, Phys.Lett. B314, 357; 

AltareUi, G., R. Barbieri, and S. Jadach, 1992, Nucl.Phys. B369, 3; 1992, Erratum-ibid. B376, 444. 

AltareUi, G., R.Kleiss, and C.Verzegnassi (eds.), 1989, Z Physics at LEP, Vol. I: Standard Physics; Vol. 2: Higgs Searches and 

New Physics, (CERN 89-08). 
Amaldi, U., et al, 1987, Phys.Rev. D36, 1385. 

Amsler, C, et al. (Particle Data Group), 2008, Phys.Lett. B667, 1. 
Anastasiou, C, K. Melnikov, and F. PetrieUo, 2007, JHEP 0709, 014. 
Andreev, V.A., et al. (MuCap Collaboration), 2007, Phys.Rev.Lett. 99, 032002. 
Aoki, K., et al., 1982, Prog.Theor.Phys.Suppl. 73, 1. 
Aoyama, T., et al, 2008, Phys.Rev. D78, 053005. 
Aoyama, T., et al., 2010, Phys.Rev. D81, 053009. 

Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2007, Phys.Rev.Lett. 99, 110406. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2008a, Phys.Rev. D77, 053012. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2008b, Phys.Rev. D78, 113006. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2010, Phys.Rev. D82, 113004. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2011a, Phys.Rev. D83, 053003. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2011b, Phys.Rev. D83, 053002. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2011c, Phys.Rev. D84, 053003. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2012a, Phys.Rev. D85, 033007. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2012b, Phys.Rev. D85, 093013. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2012c, Phys.Rev.Lett. 109, 111807. 
Aoyama, T., M. Hayakawa, T. Kinoshita, and M. Nio, 2012d, Phys.Rev.Lett. 109, 111808. 
Arbuzov, A., 2003, JHEP 0303, 063. 

Arbuzov, A., et al, 2006, Comput. Phys. Commun. 174, 728. 

Arbuzov, A., A. Czarnecki, and A. Gaponenko, 2002, Phys.Rev. D65, 113006. 

Arbuzov, A. and K. Mehiikov, 2002, Phys.Rev. D66, 093003. 

Asatrian, H.M., et al., 2010, Phys.Rev. D82, 074006. 

Ashmore, J.F., 1972, Lett.Nuovo Cim. 4, 289. 

Asner, D., et al. (Heavy Flavor Averaging Group), 2010, arXiv: 1010. 1589. 
ATLAS Collaboration, 2012a, Phys.Lett. B710, 49. 



41 



ATLAS Collaboration, 2012b, Phys.Lett. B716, 1. 
Awramik, M. and M. Czakon, 2002, Phys.Rev.Lett. 89, 241801. 
Awramik, M., M. Czakon, and A. Freitas, 2006a, Phys.Lett. B642, 563. 
Awramik, M., M. Czakon, and A. Freitas, 2006b, JHEP 0611, 048. 

Awramik, M., M. Czakon, A. Freitas, and G. Weiglein, 2004, Phys.Rev.Lett. 93, 201805. 
Awramik, M., M. Czakon, A. Onishchenko, and O. Veretin, 2003, Phys.Rev. D68, 053004. 
Baak, M., et al, Gfitter group, 2011, arXiv:1107.0975. 
Bailin, D., 1964, Phys.Rev. 135, B166. 
Bailin, D., 1965, Nuovo Cim. 40A, 822. 

Bailin, D. and A. Love, 1993, Introduction to Gauge Field Theory, (Institute of Physics Publishing, Bristol, England). 
Bahcall, J.N., M. Kamiokowski, and A. Sirlin, 1995, Phys.Rev. D51, 6146. 
Baranowski, K. and M. Misiak, 2000, Phys.Lett. B483, 410. 

Bardeen, W.A., A.J. Buras, D.W. Duke, and T. Muta, 1978, Phys.Rev. D18, 3998. 
Bardin, D. Yu., et al, 2001, Comput.Phys.Commun. 133, 229. 

Bardin, D. Yu., P. Kh. Khristova, and B.M. Vilensky, 1991, Sov.J.Nucl.Phys. 54, 833; Yad.Fiz. 54, 1366. 

Bardin, D., W. Hollik, and G. Passarino [eds.), 1995, Reports of the Working Group on Precision Calculations for the Z 
Resonance, (CERN 95-03). 

Bardin, D. and G. Passarino, 1999, The Standard Model m the Making, (Claredon Press, Oxford, Great Britain). 

Barnett, R.M., et al, 1996, Rev.Mod.Phys. 68, 611. 

Barroso, A., L. Brucher, and R. Santos, 2000, Phys.Rev. D62, 096003. 

Bars, I. and M., Yoshimura, 1972, Phys.Rev. D6, 374. 

Bayes, R. et al, 2011, Phys.Rev.Lett. 106, 041084. 

Beenakker, J.W. and W. Hollik, 1988, Z. Phys. C40, 141. 

Becchi, C, A. Rouet, and R. Stora, 1974, Phys.Lett. B52, 344. 

Beg, M.A.B., R.V. Budny, R. Mohapatra, and A. Sirlin, 1977, Phys.Rev.Lett. 38, 1252. 
Beg, M.A.B. and A. Sirlin, 1974, Ann.Rev.Nucl.Part.Sci. 24, 379. 
Beg, M.A.B. and A. Sirlin, 1982, Phys.Rept. 1, 1. 

Behrends, R.E., J. Dreitlein, C. Fronsdal, and W. Lee, 1962, Rev.Mod.Phys. 34, 1 and references therein. 

Behrends, R.E., R.J. Finkelstein, and A. Sirlin, 1956, Phys.Rev. 101, 866. 

Behrends, R.E. and A. Sirlin, 1960, Phys.Rev.Lett. 4, 186. 

Bennett, G.W., et al, 2002, Phys.Rev.Lett. 89, 101804-129903(E). 

Bennett, G.W., et al, 2004, Phys.Rev.Lett. 92, 161802. 

Bennett, G.W., et al, 2006, Phys.Rev. D73, 072003. 

Benzke, M., S.J., Lee, G. Paz, and M. Neubert, 2010, JHEP 1008, 099. 

Berends, F., et al, 1989, ZPhysics at LEP 1. vol 1 89 (CERN 89-08). 

Berman, S.M., 1958, Phys.Rev. 112, 267. 

Berman, S.M. and A. Sirlin, 1962, Annals Phys. 20, 20. 

Bernabeu, J., A. Rich, and A. Santamaria, 1991, Nucl. Phys. B363, 326. 

Bertolini, S. and A. Sirlin, 1984, Nucl. Phys. B248, 589. 

Bezrukov, F., M.Yu. Kalmykov, B.A. Kniehl, and M. Shaposhnikov, 2012, arXiv: 1205.2893. 
Bhattacharya, T. and S. Willenbrock, 1993, Phys.Rev. D47, 4022. 
Bjorken, J.D., 1966, Phys.Rev. 148, 1467. 

Bjorken, J.D. and S.D. Drell, 1965, Relativistic Quantum Fields, (McGraw Hill, New York, NY). 

Blundell, S.A., W.R. Johnson, and J.R. Sapirstein, 1995, in Precision Tests of the Standard Electroweak Model, edited by 
P. Langacker, (World Scientific, Singapore), 577. 

Bohm, M., A. Denner, and H. Joos, 2001, Gauge Theories of the Strong and Electroweak Interaction, (B.G. Teubner, Stuttgart- 
Leipzig- Wiesbaden, Germany). 

Bohm, M., H. Spiesberger, and W. Hollik, 1986, Fortsch. Phys. 34, 687. 

BoUini, C.G. and J.J. Giambiagi, 1972, Nuovo Cim. B12, 20. 

BoUini, C.G., J.J. Giambiagi, and A. Sirlin, 1973, Nuovo Cim. A16, 423. 

Bouchiat, M.A. and C. Bouchiat, 1974, J. Phys. 35, 899. 

Bouchiat, M.A. and C. Bouchiat, 1997, Rept.Prog.Phys. 60, 1351. 

Bouchiat, C. and L. Michel, 1957, Phys.Rev. 106, 170. 

Boughezal, R. and M. Czakon, 2006, Nucl.Phys. B755, 221. 

Boughezal, R., M. Czakon, and T. Schutzmeier, 2007, JHEP 0709, 072. 

Boughezal, R., J.B. Tausk, and J.J. van der Bij, 2005, Nucl.Phys. B713, 278. 

Bousso, R. and J., Polchinski, 2000, JHEP 06, 006. 

Buras, A. J., 1980, Rev.Mod.Phys. 52, 199. 

Buras, A. J., 1998, in Probing the Standard Model of Particle Interactions, edited by F. David, and R. Gupta, (Elsevier Science 
B.V.). 

Buras, A.J., 2011, arXiv:1102.5650. 

Buras, A.J. and M. Misiak, 2002, Acta Phys.Polon. B33, 2597. 

Buras, A.J., M. Misiak, M. Miinz, and S. Pokorski, 1994, Nucl.Phys. B424, 374. 

Burkhardt, H. and B. Pietrzyk, 2011, Phys.Rev. D84, 037502. 



42 



Cabibbo, N., 1963, Phys.Rev.Lett. 10, 531. 

Cabibbo, N., L. Maiani, and G. Preparata, 1967a, Phys.Lett. B25, 31. 
Cabibbo, N., L. Maiani, and G. Preparata, 1967b, Phys.Lett. B25, 132. 
Cella, G., G. Curci, G. Ricciardi, and A. Vicere, 1994a, Nucl.Phys. B431, 417. 
Cella, G., G. Curci, G. Ricciardi, and A. Vicere, 1994b, Phys.Lett. B325, 227. 
Chanowitz, M.S., M.A. Furman, and I. HinchlifTe, 1978, Phys.Lett. B78, 285. 

Cheng, T.P. and L.F. Li, 1984, Gauge Theory of Elementary Particle Physics, (Claredon Press, Oxford, Great Britain; published 

in the US by Oxford University Press, New York, NY). 
Chetyrkin, K.G. et al, 2006, Phys.Rev.Lett. 97, 102003. 

Chetyrkin, K.G., J.H. Kiihn, and M. Steinhauser, 1995, Phys.Lett. B351, 331. 
Cirigliano, V., M. Knecht, H. Neufeld, and H. Pichl, 2003, Eur.Phys. J. C27, 255. 
Ciuchini, M., et al, 1993, Phys.Lett. B316, 127. 

Ciuchini, M., E. Franco, L. Reina, and L. Silvestrini, 1994, Nucl.Phys. B421, 41. 
CMS Collaboration, 2012a, Phys.Lett. B710, 26. 
CMS Collaboration, 2012b, Phys.Lett. B716, 30. 

Consoh, M., W. HoUik, and F. Jegerlehner, 1989, Phys.Lett. B227, 167. 

Cornwall, J.M., 1981, in Marseille 1981, Proceedings, Theoretical Aspects Of Quantum Chromodynamics, 96; 1981, UCLA-81- 

TEP-12 (Calif. Univ. Los Angeles). 
Cornwall, J.M., 1982, Phys.Rev. D26, 1453. 

Cornwall, J.M. and J. Papavassiliou, 1989, Phys.Rev. D40, 3474. 
Czarnecki, A., B. Krause, and W.J. Marciano, 1995, Phys.Rev. D52, 2619. 
Czarnecki, A., B. Krause, and W.J. Marciano, 1996, Phys.Rev.Lett. 76, 3267. 
Czarnecki, A. and W.J. Marciano, 1996, Phys.Rev. D53, 1066. 
Czarnecki, A. and W.J. Marciano, 1998, Phys.Rev.Lett. 81, 277. 
Czarnecki, A. and W.J. Marciano, 2000, Int.J.Mod.Phys. A15, 2365. 
Czarnecki, A. and W.J. Marciano, 2001, Phys.Rev. D64, 013014. 
Czarnecki, A., W.J. Marciano, and A. Sirhn, 2004, Phys.Rev. D70, 093006. 
Czarnecki, A., W.J. Marciano, and A. Sirhn, 2007, Phys.Rev.Lett. 99, 032003. 

Czarnecki, A., W.J. Marciano, and A. Vainshtein, 2003, Phys.Rev. D67, 073006; 2006, Phys.Rev. D73, 119901(E). 
Davier, M., et al., 2009, Eur.Phys. J. C66, 1. 

Davier, M., A. Hoecker, B. Malaescu, and Z. Zhiqing, 2011, Eur.Phys. J. C71, 1515. 
Degrassi, G., S. Fanchiotti, and A. Sirlin, 1991, Nucl.Phys. B351, 49. 
Degrassi, G. and P. Gambino, 2000, Nucl.Phys. B567, 3. 

Degrassi, G., P. Gambino, M. Passera, and A. Sirlin, 1998, Phys.Lett. B418, 209. 

Degrassi, G., P. Gambino, and A. Sirlin, 1997, Phys.Lett. B394, 188. 

Degrassi, G., P. Gambino, and A. Vicini, 1996, Phys.Lett. B383, 219. 

Degrassi, G. and G.F. Giudice, 1998, Phys.Rev. D58, 053007. 

Degrassi, G., B.A. Kniehl, and A. Sirlin, 1993, Phys.Rev. D48, 3963. 

Degrassi, G. and A. Sirlin, 1991, Nucl.Phys. B352, 342. 

Degrassi, G. and A. Sirlin, 1992, Phys.Rev. D46, 3104. 

del Aguila, F., J. de Bias, and M. Perez- Victoria, 2010, JHEP 1009, 033. 

Denner, A., E. Kraus, and M. Roth, 2004, Phys.Rev. D70, 033002. 

Denner, A. and T. Sack, 1990, Nucl.Phys. B347, 203. 

Diener, R., S. Godfrey, and I. Turan, 2011, arXiv:1111.4566. 

Diener, K.P.O. and B.A. Kniehl, 2001, Nucl.Phys. B617, 291. 

Dissertori, G., and G. Salam, in Nakamura, K., et al. (Particle Data Group), 2010, J.Phys.G G37, 075021. 

Djouadi, A., 1988, Nuovo Cim. AlOO, 357. 

Djouadi, A. and C. Verzegnassi, 1987, Phys. Lett. B195, 265. 

Donoghue, J.F., E. Golowich, and B.R. Holstein, 1992, Dynamics of the Standard Model, (Cambridge University Press, Cam- 
bridge, Great Britain). 
Dorman, G., 1964, Nuovo Cim. 32, 1226. 
Eidelman, S. and F. Jegerlehner, 1995, Z. Phys. C67, 585. 

Einhorn, M.B. (erf.) 1991, The Standard Model Higgs Boson, (North-Holland, Elsevier Science Publishers, Amsterdam, The 

Netherlands). 
Elias-Miro, J., et al, 2012, Phys.Lett. B709, 222. 

EUis, J., and R.D. Peccei, 1986, Physics at LEP, Vol 1. and Vol. 2 (CERN 86-02). 
Erler, J., 1999, arXiv:hep-ph/0005084 . 
Erler, J., 1999, Phys.Rev. D59, 054008. 

Erler, J. and P. Langacker, in Nakamura, K., et al. (Particle Data Group) , 2010, J.Phys.G G37, 075021. 
Erler, J., P. Langacker, S. Munir, and P. Rojas, 2009, JHEP 0908, 017. 
Erler, J., and M.J. Ramsey-Musoff, 2005, Phys.Rev. D72, 073003. 
Espriu, D., J. Manzano, and P. Talavera, 2002, Phys.Rev. D66, 076002. 
Ewerth, T., 2008, Phys.Lett. B669, 167. 

Faddeev, L.D. and A. A. Slavnov, 1980, Gauge Fields, Introduction to Quantum Theory, (The Benjamin/Cummings Publishing 



43 



Company, Reading, MA). 
Faisst, M., J.H. Kiihn, T. Seidensticker, and O. Veretin, 2003, Nucl.Phys. B665, 649. 
Fanchiotti, S. and A. Sirlin, 1990, Phys.Rev. D41, 319. 
Fanchiotti, S., B. Kniehl, and A. Sirlin, 1993, Phys.Rev. D48, 307. 
Fermi, E., 1951, Elementary Particles, (Yale University Press, New Haven). 
Ferroglia, A., 2008, Mod.Phys.Lett. A23, 3123. 
Ferroglia, A. and U. Haisch, 2010, Phys.Rev. D82, 094012. 
Ferrogha, A., G. Ossola, and A. Sirlin, 1999, Nucl.Phys. B560, 23. 
Ferrogha, A., G. Ossola, and A. Sirlin, 2001, Phys.Lett. B507, 147. 
Ferroglia, A., G. Ossola, and A. Sirlin, 2004, Eur.Phys.J. C34, 165. 
Ferroglia, A., G. Ossola, M. Passera, and A. Sirlin, 2002, Phys.Rev. D65, 113002. 

Fetscher, W. and H.-J. Gerber, in Nakamura, K., et al. (Particle Data Group), 2010, J.Phys.G G37, 521. 
Feynman, R.P., 1949, Phys.Rev. 76, 769. 

Feynman, R.P., 1960, in Proceedings of the 1960 Annual International Conference on High Energy Physics at Rochester, edited 
by E.C.G. Sudarshan, J.H. Tinlot, and A.C. Melissinos, (Interscience Publishers, New York), 501. 

Feynman, R.P., 1962, in Quantum Electrodynamics: A Lecture Note and Reprint Volume, (W.A. Benjamin, Inc., New York), 
198 . 

Feynman, R.P. and M. Gell-Mann, 1958, Phys.Rev. 109, 193. 

Fierz, M., 1937, Z. Physik 104, 553. 

Flacher, H., et al, 2009, Eur.Phys. J. C60, 543. 

Fleischer, J., L.V. Avdeev, and O.V. Tarasov, 1994, Phys.Lett. B336, 560; 1995, Erratum-ibid. B349, 597. 
Fleischer, J. and F. Jegerlehner, 1981, Phys.Rev. D23, 2001. 

Freitas, A., W. Hollik, W. Walter, and G. Weinglein, 2000, Phys.Lett. B495, 338; 2003, Erratum-ibid. B570, 260. 

Freitas, A., W. Hollik, W. Walter, and G. Weinglein, 2003, Nucl.Phys. B632, 189; 2003, Erratum-ibid. B666, 305. 

Fujikawa, K., B.W. Lee, and A.I. Sanda, 1972, Phys.Rev. D6, 2923. 

Garcia, A. and M. Maya, 1978, Phys.Rev. D17, 1376. 

Gaillard, M.K. and B.W. Lee, 1974, Phys.Rev. DIO, 897. 

Gambino, P. and P.A. Grassi, 2000, Phys.Rev. D62, 076002. 

Gambino, P., P.A. Grassi, and F. Madricardo, 1999, Phys.Lett. B454, 98. 

Gambino, P. and U. Haisch, 2001, JHEP 0009, 001. 

Gambino, P. and M. Misiak, 2001, Nucl.Phys. B611, 338. 

Gambino, P. and A. Sirlin, 1994a, Phys.Rev. D49, 1160. 

Gambino, P. and A. Sirlin, 1994b, Phys.Rev.Lett. 73, 621. 

Gastmans, R. and R. Meuldermans, 1973, Nucl.Phys. B63, 277. 

Gell-Mann, M., 1962, Phys.Rev. 125, 1067. 

Gell-Mann, M., 1964a, Physics 1, 63. 

Gell-Mann, M., 1964b, Phys.Lett. 8, 214. 

Gell-Mann, M. and Y. Ne'eman, 1964, The Eightfold way: a review with a collection of reprints, (W. A. Benjamin, Publisher). 
Gershtein, S.S. and Ya.B. Zeldovich, 1955, Zh.Eksp.Teor.Fiz. 29, 698. 
Ginges, J.S.M. and V.V. Flambaum, 2004, Phys.Rept. 397, 63. 
Glashow, S.L., 1961, Nucl.Phys. 22, 579. 

Glashow, S.L., J. Iliopoulos, and L. Maiani, 1970, Phys.Rev. D2, 1285. 

Gluck, F. and K. Toth, 1992, Phys.Rev. D46, 2090. 

Golden, M. and L. Randall, 1991, Nucl.Phys. B361, 3. 

Gorringe, T. and H.W. Fearing, 2004, Rev.Mod.Phys. 76, 31. 

Grassi, P.A., B.A. Kniehl, and A. Sirlin, 2001, Phys.Rev.Lett. 86, 389. 

Grassi, P.A., B.A. Kniehl, and A. Sirlin, 2002, Phys.Rev. D65, 085001. 

Grotch, H., 1968, Phys.Rev. 168, 1872. 

Gunion, J.F., H.E. Haber, G.L. Kane, and S. Dawson, 2000, The Higgs Hunter's Guide, (Westview Press). 
Gurtu, A., 1996, Phys.Lett. B385, 415. 

Haber, H.E., in Nakamura, K., et al. (Particle Data Group), 2010, J.Phys.G G37, 075021. 
Hagiwara, K., et al, 2011, J.Phys. G38, 085003. 

Hagiwara, K., A.D. Martin, D. Nomura, and T. Teubner, 2007, Phys.Lett. B649, 173. 
Halzen, F. and B.A. Kniehl, 1991, Nucl. Phys. B353, 567. 
Haisch, U., 2008, arXiv:0805.2141. 

Hardy, J.C. and J.S. Towner, 2009, Phys.Rev. C79, 055502. 

Heinemeyer, S., D. Stockinger, and G. Weiglein, 2004a, Nucl.Phys. B690, 62. 

Heinemeyer, S., D. Stockinger, and G. Weiglein, 2004b, Nucl.Phys. B699, 103. 

Holdom, B. and J. Terning, 1990, Phys.Lett. B247, 88. 

Hollik, W., 1990, Fortsch.Phys. 38, 165. 

Hollik, W., 1993, in Precision Tests of the Standard Model, Advanced Series on Directions m High Energy Physics, edited by 

P. Langacker, (World Scientific, Singapore). 
Hollik, W., U. Meier, and S. Uccirati, 2005, Nucl.Phys. B731, 213. 
Hollik, W., U. Meier, and S. Uccirati, 2006, Phys.Lett. B632, 680. 



44 



Hollik, W., U. Meier, and S. Uccirati, 2007, Nucl.Phys. B765, 154. 
Holstein, B.R. and S.B. Treiman, 1977, Phys.Rev. D16, 2369. 
't Hooft, G., 1971, Nucl.Phys. B35, 167. 

't Hooft, G. and M.J.G. Veltman, 1972a, Nucl.Phys. B44, 189. 
't Hooft, G. and M.J.G. Vehman, 1972b, Nucl.Phys. B50, 318. 
Hurth, T., 2003, Rev.Mod.Phys. 75, 1159. 
Ibrahim, T. and P. Nath, 2000, Phys.Rev. D62, 015004. 
Jackiw, R. and S. Weinberg, 1972, Phys.Rev. D5, 2396. 
Jaus, W. and G. Rasche, 1987, Phys.Rev. D35, 3420. 

Jegerlehner, F., 1991, Renormalization of the Standard Model, (Lectures given at the "Theoretical Advanced Study Institute 

in Elementary Particle Physics" (TASI), University of Colorado, Boulder, June 1990). 
Jegerlehner, P., 2001, J.Phys.G G29, 101. 

Jegerlehner, F., 2008, The Anomalous Magnetic Moment of the Muon, (Springer Verlag, Berlin Heidelberg, Germany). 

Jegerlehner, F. and A. Nyffeler, 2009, Phys.Rept. 477, 1. 

Jegerlehner, F. and R. Szafron, 2011, Eur.Phys.J. C71, 1632. 

Johnson, K. and F.E. Low, 1966, Progr.Theoret.Phys. (Kyoto) Suppl. 37-38, 74. 

Johnson, K., F.E. Low, and H. Suura, 1967, Phys.Rev.Lett. 18, 1224. 

Kallen, G., 1967, Nucl.Phys. Bl, 225. 

Kaiser, N., 2003, Phys.Rev. C67, 027002. 

Kataev, A.L., 2006, Phys.Rev. D74, 073011. 

Kennedy, D.C. and P. Langacker, 1990, Phys.Rev.Lett. 65, 2967. 
Kennedy, D.C. and P. Langacker, 1991, Phys.Rev. D44, 1591. 
Kinoshita, T. 1962, J.Math.Phys. 3, 650. 

Kinoshita, T. (ed.), 1990, Quantum Electrodynamics, (World Scientific, Singapore). 

Kinoshita, T. and M. Nio, 2004, Phys.Rev. D70, 113001. 

Kinoshita, T. and M. Nio, 2006a, Phys.Rev. D73, 013003. 

Kinoshita, T. and M. Nio, 2006b, Phys.Rev. D73, 053007. 

Kinoshita, T. and A. Sirlin, 1957a, Phys.Rev. 107, 593. 

Kinoshita, T. and A. Sirlin, 1957b, Phys.Rev. 108, 844. 

Kinoshita, T. and A. Sirlin, 1957c, Phys.Rev. 107, 638. 

Kinoshita, T. and A. Sirlin, 1959a, Phys.Rev. 113, 1652. 

Kinoshita, T. and A. Sirlin, 1959b, Phys.Rev.Lett. 2, 177. 

Klein, O., 1948, Nature 161, 897. 

Kniehl, B., 1990, Nucl.Phys. B347, 86. 

Kniehl, B., 1991, Nucl.Phys. B357, 439. 

Kniehl, B., 1992a, Nucl.Phys. B376, 3. 

Kniehl, B., 1992b, Z.Phys. C55, 605. 

Kniehl, B., 1994, Phys.Rept. 240, 211. 

Kniehl, B., F. Madricardo, and M. Steinhauser, 2000, Phys.Rev. D62, 073010. 

Kniehl, B., C. Palisoc, and A. Sirlin, 2000, Nucl.Phys. B591, 296. 

Kniehl, B., C. Palisoc, and A. Sirlin, 2002, Phys.Rev. D66, 057902. 

Kniehl, B. and A. Pilaftsis, 1996, Nucl.Phys. B474, 286. 

Kniehl, B. and A. Sirlin, 1998a, Phys.Rev.Lett. 81, 1373. 

Kniehl, B. and A. Sirlin, 1998b, Phys.Lett. B440, 136. 

Kniehl, B. and A. Sirlin, 1999, Eur.Phys.J. C16, 635. 

Kniehl, B. and A. Sirlin, 2006a, Phys.Rev.Lett. 97, 221801. 

Kniehl, B. and A. Sirlin, 2006b, Phys.Rev. D74, 116003. 

Kniehl, B. and A. Sirlin, 2009, Phys.Lett. B673, 208. 

Kobayashi, M. and T. Maskawa, 1973, Prog.Theor.Phys. 49, 652. 

Kosower, D.A., L.M. Krauss, and N. Sakai, 1983, Phys.Lett. B133, 305. 

Kumar, K.S., E.W. Hughes, R. Holmes, and P.A. Sounder, 1995, Mod.Phys.Lett. AlO, 2979. 
Kiihn, J., (ed.), 1989, Radiative Corrections in + e~ collisions., (Springer, Berlin). 
Laporta, S. and E. Remiddi, 1993, Phys.Lett. B301, 440. 
Laporta, S. and E. Remiddi, 1996, Phys.Lett. B379, 283. 
Landau, L., 1957, Nucl.Phys. 3, 127. 

Langacker, P. (ed.), 1995, Precision Tests of the Standard Electroweak Model, (World Scientific, Singapore). 

Langacker, P., 2010, The Standard Model and Beyond, (CRC Press, Boca Raton, FL). 

Langacker, P. and N. Polonsky, 1993, Phys.Rev. D47, 4028. 

Langacker, P. and N. Polonsky, 1995, Phys.Rev. D52, 3081. 

Larsen, S., E. Lubkin, and M. Tausner, 1957, Phys.Rev. 107, 856. 

Lee, T.D., 1962, Phys.Rev. 128, 899. 

Lee, B.W., 1972, Phys.Rev. D5, 823. 

Lee, T.D. and M. Nauenberg, 1964, Phys.Rev. 133, B1549. 

Lee, S.J., G. Paz, and M. Neubert, 2006, Phys.Rev. D75, 114005. 



45 



Lee, T.D., M. Rosenbluth, and C.N. Yang, 1949, Phys.Rev. 75, 905. 

Lee, T.D. and A. Sirlin, 1964, Rev.Mod.Phys. 36, 666. 

Lee, T.D. and C.N. Yang, 1956, Phys.Rev. 104, 254. 

Lee, T.D. and C.N. Yang, 1957, Phys.Rev. 105, 1671. 

Lee, B.W. and J. Zinn-Justin, 1972, Phys.Rev. D5, 3137. 

Lee, B.W. and J. Zinn-Justin, 1973, Phys.Rev. D7, 1049. 

Lewin, L., 1958, Dilogarithms and Associated Functions, (Macdonald & Co., London). 
LEP Electroweak Working Group 2012, |http : //lepewwg . web . cern . ch/LEPEWWG/ 1 
Liao, Y., 2004, Phys.Rev. D69, 016001. 

Llewellyn Smith, C.H. and S. Wheater, 1981, Phys.Lett. B105, 486. 

Lynn, B.W., 1982, in Les Houches 1982, Proceedings, New Trends In Atomic Physics, Vol. 2, 965. 

Lynn, B., M.E. Peskin, and R.G. Stuart, 1986, in Physics At Lep, Vol. 1, edited by J. Ellis and R. Peccei, (SLAC Stanford), 
90. 

Manohar, A.V. and M.B. Wise, 2000, Camb.Monogr.Part.Phys.Nucl.Phys.Cosmol. 10, 1. 
Marciano, W.J., 1975, Phys.Rev. D12, 3861. 
Marciano, W.J., 1991, Ann.Rev.Nucl.Part.Sci. 41, 469. 

Marciano, W.J., 1993, in Spin m Precision Electroweak Physics, lectures given at the XXI SLAC Summer Institute, 35. 
Marciano, W.J., 1995, in Precision Tests of the Standard Electroweak Model, edited by P. Langacker, (World Scientific, Singa- 
pore), 170. 

Marciano, W.J. and J.L. Rosner, 1990, Phys.Rev.Lott. 65, 2963. 
Marciano, W.J. and A. Sirlin, 1975a, Nucl.Phys. B88, 86. 
Marciano, W.J. and A. Sirlin, 1975b, Nucl.Phys. B93, 303. 
Marciano, W.J. and A. Sirlin, 1980, Phys.Rev. D22, 2695. 
Marciano, W.J. and A. Sirlin, 1981, Phys.Rev.Lett. 46, 63. 
Marciano, W.J. and A. Sirlin, 1983, Phys.Rev. D27, 552. 

Marciano, W.J. and A. Sirlin, 1984, Phys.Rev. D29, 75; Erratum ibid. 1985, Phys.Rev. D31, 213. 

Marciano, W.J. and A. Sirlin, 1986, Phys.Rev.Lett. 56, 22. 

Marciano, W.J. and A. Sirlin, 1987, Phys.Rev. D35, 1672. 

Marciano, W.J. and A. Sirlin, 1988, Phys.Rev.Lett. 61, 1815. 

Marciano, W.J. and A. Sirhn, 1988, Phys.Rev.Lett. 71, 3629. 

Marciano, W.J. and A. Sirlin, 2005, Phys.Rev.Lett. 96, 032002. 

Masterson, B.P. and C.E. Wieman, 1995, in Precision Tests of the Standard Electroweak Model, edited by P. Langacker, (World 
Scientific, Singapore), 545. 

Merritt, P., H. Montgomery, A. Sirlin, and M. Swartz, 1995, in Report of the DPF Committee on Long-Term Planning, edited 

by R. Peccei, et al. , (World Scientific, Singapore), 19. 
Michel, M., 1950, Proc.Phys.Soc. A63, 514. 
Misiak, M., 2011, AIP Conf.Proc. 1317, 276. 
Misiak, M., et al, 2006, Phys.Rev.Lett. 98, 022002. 
Misiak, M. and M. Poradzinski, 2010, Phys.Rev. D83, 014024. 
Misiak, M. and M. Steinhauser, 2006, Nucl.Phys. B764, 62. 
Misiak, M. and M. Steinhauser, 2010, Nucl.Phys. B840, 271. 
Moroi, T., 1996, Phys.Rev. D53, 6565; Erratum-ibid 1997 D56, 4424. 
Mukhopadhyay, N.C., 1977, Phys.Rept. 30, 1. 

Nakamura, K., et al. (Particle Data Group), 2010, J.Phys.G G37, 075021. 

Neubert, M., 1993, Phys.Rept. 245, 259. 

Nielsen, N.K., 1975, Nucl.Phys. BlOl, 173. 

Nir, Y., 1989, Phys.Lett. B221, 184. 

Nyffeler, A., 2009, Phys.Rev. D79, 073012. 

Onishchenko, A. and O. Veretin, 2003, Phys.Lett. B551, 111. 

Ossola, G. and A. Sirlin, 2003, Eur.Phys.J. C31, 165. 

Pak, A. and A. Czarnecki, 2008, Phys.Rev.Lett. 100, 241807. 

Papavassiliou, J., 1990, Phys.Rev. D41, 3179. 

Paschos, E.A., 2007, Electroweak Theory, (Cambridge University Press, Cambridge, Great Britain). 
Passarino, G. and M.J.G. Veltman, 1979, Nucl.Phys. B160, 151. 
Passera, M., 2000, Phys.Rev. D64, 113002. 
Passera, M., 2007, Phys.Rev. D75, 013002. 

Passera, M., W.J. Marciano, and A. Sirlin, 2008, Phys.Rev. D78, 013009. 
Passera, M., W.J. Marciano, and A. Sirlin, 2009, AIP Conf.Proc. 1078, 378. 
Passera, M., W.J. Marciano, and A. Sirlin, 2010, Chin.Phys. C34, 735. 
Passera, M., K. Philippides, and A. Sirlin, 2011, Phys.Rev. D84, 094030. 
Passera, M. and A. Sirlin, 1996, Phys.Rev.Lett. 77, 4146. 
Passera, M. and A. Sirlin, 1998a, Phys.Rev. D58, 113010. 
Passera, M. and A. Sirlin, 1998b, Acta Phys.Polon. B29, 2901. 
Peskin, M.E. and T. Takeuchi, 1990, Phys.Rev.Lett. 65, 964. 



46 



Peskin, M.E. and T. Takeuchi, 1992, Phys.Rev. D46, 381. 
Pietrzyk, B., 1994, hep-ex/9406001. 
Pilaftsis, A., 2002, Phys.Rev. D65, 115013. 
Pocanic, D., et ai, 2004, Phys.Rev.Lett. 93, 181803. 

Pokorski, S., 1987, Gauge Field Theories, (Cambridge University Press, Cambridge, Great Britain). 
Pontecorvo, B., 1947, Phys.Rev. 72, 246. 

Porsev, S.G., K. Beloy, and A. Derevianko, 2009, Phys.Rev.Lett. 102, 181601. 

Prades, J., E. de Rafael, and A. Vainshtein, 2009, in Advanced series on directions in high energy physics. 20. 
PrimakofT, H., 1959, Rev.Mod.Phys. 31, 802. 
Puppi, G., 1948, Nuovo Cim. 5, 587. 
Puppi, G., 1949, Nuovo Cim. 6, 194. 

Quigg, C, 1983, Theories of the Strong, Weak, and Electromagnetic Interactions, (Benjamin/Cummings, Menlo Park, CA). 
Ram, M., 1967, Phys.Rev. 155, 1539. 

van Ritbergen, T. and R. Stuart, 1999a, Phys.Rev.Lett. 82, 488. 

van Ritbergen, T. and R. Stuart, 1999b, Nucl.Phys. B564, 343. 

Roberts, B.L., 2010, Chin.Phys. C34, 741. 

Rolandi, L., 1993, AIP Conf.Proc. 272, 56. 

Roos, M. and A. Sirlin, 1971, Nucl.Phys. B29, 296. 

Sachs, A.M. and A. Sirlin, 1975, in Muon Physics, edited by V.W. Hughes, and C.S. Wu, (Academic Press, New York) 49. 
Salam, A., 1957, Nuovo Cim. 5, 299. 

Salam, A., 1968, Elementary Particle Physics: Relativistic Groups and Analyticity, (Almquvist and Wiksell, Stockholm). 
Sarantakos, A., A. Sirlin, and W.J. Marciano, 1983, Nucl.Phys. B217, 84. 

Schwinger, J., 1958, in Selected Papers on Quantum Electrodynamics edited by J. Schwinger, (Dover Publications, New York, 
NY). 

Schweber, S.S., 1994, QED and the Men Who Made it: Dyson, Feynman, Schwinger, and Tomonaga. (Princeton University 
Press) . 

ShafTer, R.A., 1962, Phys.Rev. 128, 1452. 
ShafTer, R.A., 1963, Phys.Rev. 131, 2203. 
Shann, R.T., 1971, Nuovo Cim. A5, 591. 
Sherwood, B.A., 1967, Phys Rev. 156, 1475. 
Sirlin, A., 1967a, Phys.Rev. 164, 1767. 
Sirlin, A., 1967b, Phys.Rev.Lett. 19, 877. 

Sirlin, A., 1968, in Proceedings of the 14th International Gonference on High-Energy Physics, Vienna, edited by J. Prentki, and 

J. Steinberger, (CERN, Scientific Information Service, Geneva), 321. 
Sirlin, A., 1974, Nucl.Phys. B71, 29. 
Sirlin, A., 1978, Rev.Mod.Phys. 50, 573. 
Sirlin, A., 1980a, Phys.Rev. D22, 971. 

Sirlin, A., 1980b, in Proceedings of the TRIUMF Muon Physics Workshop, edited by J. A. MacDonald, J.N. Ng, and A. Strathdee, 

(TRL81-1), 81. 
Sirlin, A., 1982, Nucl.Phys. D196, 83. 
Sirlin, A., 1984, Phys.Rev. D29, 89. 
Sirlin, A., 1987, Phys.Rev. D35, 3423. 
Sirlin, A., 1989, Phys.Lett. B232, 123. 
Sirlin, A., 1991a, Phys.Rev.Lett. 67, 2127. 
Sirlin, A., 1991b, Phys.Lett. B267, 240. 

Sirlin, A., 1993, in Boston 1993, Supersymmetry and unification of fundamental interactions, SUSY 93, 21. 
Sirlin, A., 1994a, Comments Nucl.Part.Phys. 21, 287. 
Sirlin, A., 1994b, Phys.Rev.Lett. 72, 1786. 

Sirlin, A., 1995, in Precision Tests of the Standard Electroweak Model, edited by P. Langacker, (World Scientific, Singapore), 
766. 

Sirlin, A., 1999, in Barcelona 1998, Radiative corrections: Application of quantum field theory to phenomenology, edited by 

J. Sola, (World Scientific, Singapore), 546. 
Sirlin, A., 2000, Intl. J. Mod. Phys. A1551, 398. also in Proc. of the XIX Intern. Sympos. on Lepton and Photon Interactions at 

High Energy, edited by J. Jaros, and M. Peskin (World Scientific, Singapore), 398. 
Sirlin, A., 2011, Phys.Rev. D84, 014021. 
Sirlin, A. and W.J. Marciano, 1981, Nucl.Phys. B189, 442. 

Sirlin, A., W.J. Marciano, and L. Chatterjee {Guest Editors), 2003, in Special Issue: Fifty Years of Electroweak Physics: A 

Symposium, J. Phys. G29, 1. 
Sirlin, A. and R. Zucchini, 1986, Phys.Rev.Lett. 57, 1994. 
Steinhauser, M., 1998, Phys.Lett. B429, 158. 

Steinhauser, M. and T. Seidensticker, 1999, Phys.Lett. B467, 271. 
Stockinger, D., 2007, J. Phys. G34, R45. 

Sudarshan, E.C.G. and R.E. Marshak, 1957, in Proc. Padua-Venice Gonf. on Mesons and Recently Discovered Particles, 
reprinted in 1963, Development of the Weak Interaction Theory, edited by P.K. Kabir, (Gordon and Breach, New York), 118. 



47 



Sudarshan, E.C.G. and R.E. Marshak, 1958, Phys.Rev. 109, 1860. 

Susskind, L., 2003, in Universe or mulUverse?, edited by B. Carr, 247, hep-th/0302219. 

Taylor, J.C., 1976, Gauge Theories of Weak Interactions, (Cambridge University Press, Cambridge, Great Britain). 

Terent'ev, M.V., 1963, Zhur.Eksptl. i Teort. Fiz. 44, 1320; 1963, Sov.Phys.JETP 17, 890. 

The Tevatron Electroweak Working Group, 2011, arXiv:1107.5255. 

The Tevatron Electroweak Working Group, 2012, arXiv: 1204.0042. 

Tiomno, J. and J.A. Wheeler, 1949, Rev.Mod.Phys. 21, 144. 

Towner, I.S. and J.C. Hardy, 2008, Phys.Rev. C57, 025501. 

van der Bij, J. J., et al, 2001, Pliys.Lett. B498, 156. 

van der Bij, J.J. and M.J.G. Veltman, 1984, Nucl.Phys. B231, 205. 

Veltman, M.J.G. , 1977, Nucl.Phys. B123, 89. 

Veltman, M.J.G., 1981, Acta Phys. Polon. B12, 437. 

Webber, D., et ai, 2011, Phys.Rev.Lett. 106, 041803; Phys.Rev.Lett. 106, 079901. 
Weinberg, S., 1967, Phys.Rev.Lett. 19, 1264. 
Weinberg, S., 1973, Phys.Rev. D8, 4482. 
Weinberg, S., 1974, Rev.Mod.Phys. 46, 255. 
Weinberg, S., 1989, Rev.Mod.Phys. 61, 1. 

Wheater, S. and C.H. Llewellyn Smith, 1982, Nucl.Phys. B208, 27. 
Wilkinson, D.H., 1982, Nucl.Phys. A377, 474. 
Yamada, Y., 2001, Phys.Rev. 064, 036008. 

Yokoo, Y., S. Suzuki, and M. Morita, 1973, Prog.Theor.Phys. 50, 1894. 

Yuan, T.C., R.L. Arnowitt, A.M. Chamsedine, and P. Nath, 1984, Z. Phys. C26, 407. 

Zhou, Y., 2003, Phys.Lett. B577, 67. 

Zhou, Y., 2004, J.Phys.G G30, 491. 

Zinn- Justin, J., 1975, in Lecture Notes in Physics, edited by J. Elilers et al., (Springer- Verlag, Berlin), 37. 
Zweig, G., 1964, in Developments m the Quark Theory of Hadrons, Vol 1, edited by D.B. Lichtenberg and S.P. Rosen (CERN, 
Geneva, Switzerland), 22. 



